Cocycle Superrigidity for Profinite Actions of Property (T) Groups by Ioana, Adrian
ar
X
iv
:0
80
5.
29
98
v1
  [
ma
th.
GR
]  
20
 M
ay
 20
08
COCYCLE SUPERRIGIDITY FOR PROFINITE ACTIONS
OF PROPERTY (T) GROUPS
ADRIAN IOANA
Abstract. Consider a free ergodic measure preserving profinite action ΓyX (i.e. an
inverse limit of actions Γ y Xn, with Xn finite) of a countable property (T) group Γ
(more generally of a group Γ which admits an infinite normal subgroup Γ0 such that the
inclusion Γ0 ⊂ Γ has relative property (T) and Γ/Γ0 is finitely generated) on a standard
probability space X. We prove that if w : Γ×X → Λ is a measurable cocycle with values
in a countable group Λ, then w is cohomologous to a cocycle w′ which factors through
the map Γ×X → Γ×Xn, for some n. As a corollary, we show that any orbit equivalence
of ΓyX with any free ergodic measure preserving action Λy Y comes from a (virtual)
conjugacy of actions.
§0. Introduction.
During the past decade, the orbit equivalence theory of measure preserving actions
of groups has been an extremely active area, with many new rigidity results having
been proven (see the surveys [Sh1],[P4]). In particular, certain classes of group–actions
Γy X have been shown to be orbit equivalent superrigid, i.e. such that the equivalence
relation RΓ on X of belonging to the same Γ–orbit (x ∼ y iff Γx = Γy) remembers
both the group Γ and the action Γ y X ([Fu1,2],[MSh1,2],[P1,2,3],[Ki1,2]). Since all
ergodic actions Γ y X of all infinite amenable groups Γ induce isomorphic equiva-
lence relations RΓ (up to a probability space isomorphism) ([Dy],[OW],[CFW]), such
a rigidity phenomenon is very surprising and is characteristic to non-amenable groups
only.
The main purpose of this paper is to present a new class of orbit equivalent superrigid
actions. To explain this in more detail, we first review a few concepts, starting with
the notion of orbit equivalence. Let Γy X be a free ergodic measure preserving action
of a countable group Γ on a standard probability space (X, µ) (i.e. isomorphic with
the unit interval with the Lebesgue measure). Given another such action Λ y Y , a
probability space isomorphism θ : X → Y is called an orbit equivalence (OE) between
the actions Γ y X and Λ y Y , if θ(Γx) = Λθ(x), a.e. x ∈ X . If we moreover have
that θΓθ−1 = Λ, then θ is called a conjugacy between Γy X and Λy Y .
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Next, recall that an inclusion of countable groups Γ0 ⊂ Γ has relative property (T) of
Kazhdan–Margulis ([K],[Ma]) if any unitary representation of Γ which weakly contains
the trivial representation of Γ must contain the trivial representation of Γ0. Note that
for Γ = Γ0 this condition amounts to the property (T) of the group Γ. Examples of
relative property (T) inclusions of groups are given by Z2 ⊂ Γ ⋉ Z2, for any non-
amenable subgroup Γ of SL2(Z) ([Bu]) and by Γ0 ⊂ Γ0 × Γ1, for a property (T) group
Γ0 (e.g. Γ0 =SLn(Z), n ≥ 3) and an arbitrary countable group Γ1.
Finally, we call a measure preserving action Γy X profinite if it is the inverse limit
of actions Γy Xn, with Xn finite probability spaces. For example, given a residually
finite group Γ, let G = lim←−Γ/Γn be the profinite completion of Γ with respect to
a descending chain {Γn}n of finite index normal subgroups with trivial intersection.
Then the (Haar) measure preserving action Γy G is free ergodic and profinite.
Theorem A (OE superrigidity). Let Γ be a countable group with an infinite normal
subgroup Γ0 such that the inclusion Γ0 ⊂ Γ has relative property (T) and Γ/Γ0 is a
finitely generated group. Assume that Γ yα X is a free ergodic measure preserving
profinite action on a standard probability space X such that the restriction Γ0 y
α|Γ0 X
is also ergodic.
Let Λyβ Y be a free ergodic measure preserving action of a countable group Λ on a
standard probability space Y . Suppose that θ : X → Y is an orbit equivalence between
α and β. Then we can find an automorphism τ of Y such that τ(y) ∈ Λy, a.e. y ∈ Y ,
two finite index subgroups Γ1 ⊂ Γ, Λ1 ⊂ Λ, a Γ1–ergodic component X1 ⊂ X and a
Λ1–ergodic component Y1 ⊂ Y such that (τ ◦ θ)(X1) = Y1 and (τ ◦ θ)|X1 : X1 → Y1 is
a conjugacy between Γ1 y
α|Γ1 X1 and Λ1 y
β|Λ1 Y1.
Before discussing some applications of Theorem A and its method of proof, let us
give a brief history of previous results of this type. The first such result was obtained
by A. Furman, who combined Zimmer’s cocycle superrigidity ([Z]) with ideas from geo-
metric group theory to show that the actions SLn(Z)y T
n (n ≥ 3) are OE superrigid
([Fu1,2]). This was followed by the work of N. Monod and Y. Shalom who employed
techniques from bounded cohomology theory to prove that separately ergodic actions
of products of hyperbolic groups are close to being OE superrigid ([MSh1,2]). Recently,
S. Popa used deformation/rigidity arguments in a von Neumann algebra framework to
show that deformable actions (e.g. Bernoulli actions Γy [0, 1]Γ) of rigid groups Γ (e.g.
groups Γ which admit an infinite normal subgroups with relative property (T)) are OE
superrigid ([P1,2], see also [PV]). In subsequent work, Popa was able to remove the
rigidity assumption on the group Γ by assuming instead that Γ is the product of two
groups, one infinite and one non-amenable ([P3]). The last result along these lines is
due to Y. Kida who proved that any ergodic action of any mapping class group is OE
superrigid ([Ki1,2]).
As a consequence of Theorem A, we can construct uncountably many non–OE profi-
nite actions for the arithmetic groups SLn(Z) (n ≥ 3), as well as for their finite index
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subgroups (see Corollary 5.3.), and for the groups SLm(Z)⋉Z
m (m ≥ 2) (see Corollary
5.8.). In Section 4, we prove a more general version of Theorem A with stable orbit
equivalence replacing orbit equivalence. This more general statement has the following
interesting application: if Γ y X is as above and if X0 ⊂ X is a measurable set of
irrational measure, then the equivalence relation RX0Γ := RΓ ∩ (X0 × X0) cannot be
induced by the free action of a countable group (compare with Theorem D in [Fu2] and
Theorem 5.6. in [P2]).
In proving Theorem A, we follow Zimmer’s approach of studying orbit equivalences
of actions via their associated OE cocycles. Recall in this respect that, given a measure
preserving action Γy X and a countable group Λ, a measurable map w : Γ×X → Λ
is called a cocycle if it satisfies the relation w(γ1γ2, x) = w(γ1, γ2x)w(γ2, x), for all
γ1, γ2 ∈ Γ and a.e. x ∈ X . Two cocycles w,w′ : Γ × X → Λ are cohomologous if
there exists a measurable map φ : X → Λ such that w′(γ, x) = φ(γx)w(γ, x)φ(x)−1,
for all γ ∈ Γ and a.e. x ∈ X . Now, for an orbit equivalence θ : X → Y between two
free ergodic measure preserving actions Γ y X and Λ y Y , consider the measurable
cocycle w : Γ×X → Λ defined by the relation θ(γx) = w(γ, x)θ(x). A general principle
then says that in order to show that θ is in fact a conjugacy, it essentially suffices to
prove that w is cohomologous to a homomorphism δ : Γ → Λ, i.e. to a cocycle which
is independent of the X-variable ([Z],[Fu1,2],[P2]). Guided by this principle we will
deduce Theorem A as a consequence of the following:
Theorem B (Cocycle superrigidity). Let Γ yα X be as in Theorem A. Suppose
that α is the limit of the actions Γ yαn Xn, with Xn finite, and, for every n, let
rn : X → Xn be the quotient map. Let Λ be a countable group and w : Γ×X → Λ be a
measurable cocycle for α. Then there exists n such that w is cohomologous to a cocycle
w′ : Γ×X → Λ of the form w′ = w′′ ◦ (id× rn), for some cocycle w′′ : Γ×Xn → Λ.
In other words: any cocycle for α comes from one of the finite quotients αn. On the
other hand, notice that the αn’s do produce non-trivial cocycles for α. Indeed, if we
fix n and identify Xn (as a Γ-space) with Γ/Γn, for a finite index subgroup Γn of Γ,
then the natural cocycle vn : Γ× Γ/Γn → Γn lifts to a cocycle vn : Γ×X → Γn.
The first examples of cocycle superrigid actions appeared only recently with the
remarkable work of S. Popa who showed that if Γ has an infinite normal subgroup with
relative property (T), then any cocycle for the Bernoulli action of Γ with values in any
countable group Λ (more generally, Λ ∈ Ufin) is cohomologous to a homomorphism
δ : Γ → Λ ([P2]) . Note that this result, in its most general form (see section 5 in
[P2]), still requires that the action is weakly mixing. In contrast, Theorem B applies to
profinite actions, which are, in some sense, farthest to being weakly mixing. It would
be thus of interest to understand in a unitary way why cocycle superrigidity occurs
for both Bernoulli and profinite actions. More recently, Popa extended his result to
cover many groups which do not have relative property (T) subgroups, such as F2×F2
([P3]).
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Related to the our results and motivated by the analogy with Popa’s cocycle super-
rigidity results ([P2,3]), a natural open question arises: does the conclusion of Theorem
B (or of Theorem A) hold true in the case Γ = F2 × F2? A positive answer to this
question together with N. Ozawa and S. Popa’s very recent work ([OP]) it would imply
that any free ergodic measure preserving profinite action Γy X of Γ = F2 ×F2 is von
Neumann superrigid. This means that if Λ y Y is another free ergodic measure pre-
serving action such that the associated von Neumann factors ([MvN]) are isomorphic,
L∞X ⋊Γ ≃ L∞Y ⋊Λ, then the actions Γy X and Λy Y are virtually conjugate, in
the sense stated in Theorem A.
The proof of Theorem B involves a ”zooming in and out” argument, which we now
briefly sketch. In the above context, assume for simplicity that Γ has property (T)
and let w : Γ × X → Λ be a cocycle. Then, for a fixed γ ∈ Γ, as n gets large, we
have that (∗) rn(x) = rn(y) =⇒ w(γ, x) = w(γ, y), with large probability. Next, using
property (T) (for an appropriate representation of Γ), we deduce that (∗) holds true
uniformly in γ ∈ Γ, as n → ∞. Localizing, this tells us that for a large enough n,
we can find a ∈ Xn such that the map Xa := r−1n ({a}) ∋ x → w(γ, x) ∈ Λ is almost
constant, uniformly in γ ∈ Γa (the stabilizer of a). Finally, a criterion for untwisting
cocycles (see Section 2) implies that the restriction of w to Γa ×Xa is cohomologous
to a homomorphism δ : Γa → Λ. Since Γa has finite index in Γ, we can use this ”local”
information on w to get the desired conclusion.
In Section 1, we define the notion of profiniteness for actions and discuss certain
properties of it. Sections 3 and 4 are devoted to the proofs of theorems B and A,
respectively, while in Section 5 we derive some applications of these results. In the last
Section, we investigate two natural generalizations of profinite actions: compact and
weakly compact actions.
Added in the proof. After these results have been first circulated, A. Furman has
been able to show that our main results still hold when the class of profinite actions
is replaced by the larger class of compact actions (see Section 6 for more on compact
actions).
§ 1. Profinite actions.
Conventions. All actions that we consider throughout this paper are of the form
Γyα (X, µ), where Γ is a countable group which acts in a measure preserving way on
a probability space (X, µ). For simplicity of notation, we will often denote an action
by Γy X .
In this section we introduce the notion of profinite actions. After giving examples,
we discuss ergodicity properties and freeness of such actions. We end the section by
giving necessary and sufficient conditions for two profinite actions to be conjugate.
To define the notion of profinite action, we first recall the construction of an inverse
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limit of actions (see 6.3. in [G] for a reference). Let Γ yαn (Xn, µn) be a sequence
of measure preserving actions and assume that αn is a quotient of αn+1, for all n.
Let qn : (Xn+1, µn+1) → (Xn, µn) be the quotient map, i.e. a measurable, measure
preserving, onto map, such that qn(γx) = γqn(x), a.e. x ∈ Xn+1, for all γ ∈ Γ. Define
X = {(xn)n|xn ∈ Xn, qn(xn+1) = xn, ∀n}
and let rn : X → Xn be given by rn((xm)m) = xn. Then there exists a unique
probability measure µ on X such that rn : (X, µ) → (Xn, µn) is measurable and
measure preserving, for all n. Denote by α the action of Γ on X given by γ((xn)n) =
(γxn)n. Then α preserves µ and rn realizes αn as a quotient of α, for all n. We say
that α is the limit of αn and we use the notations (X, µ) = lim←−(Xn, µn), α = lim←−αn.
Note that α is ergodic iff αn is ergodic, for all n.
1.1. Definition. A measure preserving action Γ yα (X, µ) is called profinite if
α = lim←−αn, for a sequence of measure preserving actions Γ yαn (Xn, µn) with Xn
finite.
1.2. Example. Let Γ be a countable group and let {Γn}n be a descending chain of
finite index subgroups of Γ. For every n, endow the quotient Γ/Γn with the counting
probability measure µn and denote by αn the (transitive) left action of Γ on the right
cosets Γ/Γn. Also, for every n, let qn : Γ/Γn+1 → Γ/Γn be the map given by inclusion
of cosets, i.e. qn(xΓn+1) = yΓn iff xΓn+1 ⊂ yΓn. Then qn is measure preserving and
makes αn a quotient of αn+1, for all n. The limit action Γy
α lim←−(Γ/Γn, µn) is ergodic
and profinite. In the case Γn is a normal subgroup of Γ, for all n ≥ 0, α can be
alternatively seen as the action Γ y (G, µ), where G is the profinite completion of Γ
with respect to {Γn}n and µ is the Haar measure of G.
1.3. Remarks. (1). Any ergodic, profinite action Γ yα (X, µ) = lim←−(Xn, µn) arises
as in the above example. To see this, let qn : Xn+1 → Xn be the quotient maps and
fix a sequence an ∈ Xn such that qn(an+1) = an, for all n. Since α is ergodic, Γ acts
transitively on Xn, thus Xn = Γan, for all n. Let Γn = {γ ∈ Γ|γan = an}, then
Γn+1 ⊂ Γn. It is then easy to see that the map θ : X → lim←−Γ/Γn given by θ((xn)n) =
(γnΓn)n, where γn is defined by the relation xn = γnan, for all x = (xn)n ∈ X , is a
probability space isomorphism identifying the actions Γy X and Γy lim←−Γ/Γn.
(2). The representation of a profinite action as an action of the form Γy lim←−Γ/Γn
is not unique. Indeed, if gn is a sequence of elements of Γ such that gnΓn ⊃ gn+1Γn+1,
for all n, then the actions Γy lim←−Γ/Γn and Γy lim←−Γ/gnΓng−1n are isomorphic. This
fact follows by applying the previous remark to an = gnΓn ∈ Xn = Γ/Γn.
Also, we note that if {Γ1n}n and {Γ2n}n are two descending chains of finite index
subgroups of Γ such that Γ1nk+1 ⊂ Γ2Nk ⊂ Γ1nk , for two subsequences nk and Nk, then
the profinite actions Γy lim←−Γ/Γ1n and Γy lim←−Γ/Γ2n are isomorphic.
6 ADRIAN IOANA
(3). Assume that Γyα (X, µ) is an ergodic, profinite action. For every m, let rm :
X → Xm be the quotient map and denote Xa,m = r−1m ({a}), µa,m = µ(Xa,m)−1µ|Xa,m ,
for all a ∈ Xm. Also, set Γa,m = {γ ∈ Γ|γXa,m = Xa,m} = {γ ∈ Γ|γa = a}. Then the
action Γa,m y (Xa,m, µa,m) is ergodic and profinite, for every m and for all a ∈ Xm.
By the first remark we can assume that α is of the form Γy lim←−Γ/Γn, for some de-
scending chain {Γn}n ⊂ Γ of finite index subgroups, and that a = Γme ∈ Γ/Γm. Under
this identification, the action Γa,m y Xa,m becomes the action Γm y lim←−n≥m Γm/Γn,
thus it is ergodic and profinite.
For the next two results and their proofs we assume the notations of Remark 1.3.(3).
1.4. Lemma. Let Γ yα (X, µ) be an ergodic profinite action. Let A ⊂ X be a
measurable set which is Γ0-invariant, for some finite index subgroup Γ0 of Γ. Then we
can find n and a Γ0-invariant set F ⊂ Xn such that A = ∪a∈FXa,n.
Proof. Assume first that Γ0 is moreover a normal subgroup of Γ and let A ⊂ X
be a Γ0−invariant set. Let B ⊂ X be an ergodic component for α|Γ0 . Since Γ0 ⊂ Γ
is normal we get that γB is an ergodic component, for all γ ∈ Γ. Also, since α is
ergodic, we have that ∪γ∈S(γB) = X , where S ⊂ Γ satisfies Γ = ⊔γ∈S(γΓ0). Since A
is Γ0-invariant, by the above facts we get that A = ∪γ∈S′γB, for some subset S′ of S.
Thus, it is sufficient to prove the conclusion in the case A is an ergodic component for
α|Γ0 . Indeed, if B = ∪a∈FXa,n, for some n and F ⊂ Xn, then A = ∪a∈S′FXa,n.
Let A be an ergodic component for α|Γ0 , then
(1.4.a.) µ(γA ∩ A) ∈ {0, µ(A)}, ∀γ ∈ Γ
From the way (X, µ) is constructed, we have that µ(A∆(∪a∈FXa,n)) < µ(A), for
some n and F ⊂ Xn. This implies that µ(A∩ (∪a∈FXa,n)) > µ(∪a∈FXa,n)/2, thus we
can find a ∈ F such that µ(A ∩Xa,n) > µ(Xa,n)/2.
We claim that A∩Xa,n is Γa,n−invariant. Let γ ∈ Γa,n, then using (1.4.a.) and the
fact that γXa,n = Xa,n, we get that
(1.4.b.) µ((A ∩Xa,n) ∩ γ(A ∩Xa,n)) = µ((A ∩ γA) ∩Xa,n) ∈ {0, µ(A ∩Xa,n)}
On the other hand, we have that
(1.4.c.) µ((A ∩Xa,n) ∩ γ(A ∩Xa,n,)) ≥ 2µ(A ∩Xa,n)− µ(Xa,n) > 0, ∀γ ∈ Γa,n
By combining (1.4.b.) and (1.4.c.) we deduce that A ∩Xa,n is indeed Γa,n−invariant
and since the action Γa,n y Xa,n is ergodic (by Remark 1.3.(3)) we deduce that
A ∩Xan = Xa,n, hence that Xa,n ⊂ A, a.e.
Next, we prove that if b ∈ Xn satisfies µ(A ∩Xb,n) > 0, then Xb,n ⊂ A. For such
b ∈ Xn, let γ ∈ Γ such that b = γa. Then Xb,n = γXa,n and we have that
0 < µ(A ∩Xb,n) = µ(γ−1A ∩Xa,n) ≤ µ(γ−1A ∩A).
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By using (1.4.a.) this further implies that γ−1A = A, thus Xb,n = γXa,n ⊂ γA = A
a.e.
In general, if we replace Γ0 with the normal subgroup ∩γ∈ΓγΓ0γ−1 of Γ, then the
above proof shows that X = ∪a∈XXa,n for some n and some set F ⊂ Xn. Since A is
Γ0−invariant, F must also be Γ0−invariant. 
1.5. Corollary. Let Γ yα (X, µ) be an ergodic, profinite action. Let Λ be a count-
able group on which Γ acts (e.g. assume that the action Γ y Λ is given by γ · λ =
θ1(γ)λθ2(γ)
−1, for two group homomorphisms θ1, θ2 : Γ→ Λ).
Let φ : X → Λ is a measurable map such that φ(γx) = γ · φ(x), for all γ ∈ Γ and
a.e. x ∈ X. Then there exists n such that φ|Xa,n is constant, for all a ∈ Xn.
Proof. Let λ ∈ Λ, such that Xλ = {x ∈ X |φ(x) = λ} has µ(Xλ) > 0. From the
hypothesis we have that γXλ = Xγ·λ, for all γ ∈ Γ. This implies that µ(γXλ ∩Xλ) ∈
{0, µ(Xλ)}, for all γ ∈ Γ, and by applying the Lemma 1.4., we deduce that there exists
n ≥ 0 and F ⊂ Xn such that Xλ = ∪a∈FXa,n.
Moreover, the ergodicity of α implies that ∪γ∈Γ(γXλ) = X , hence ∪γ∈ΓXγ·λ = X.
Thus, if λ′ ∈ Λ satisfies µ(Xλ′) > 0, then λ′ = γ · λ, for some γ ∈ Γ, hence
Xλ′ = Xγ·λ = γXλ = ∪b∈γFXb,n.
1.6. Freeness of profinite actions. Let Γ y (X, µ) = lim←−(Γ y (Xn, µn)) be a
measure preserving ergodic profinite action with the quotient maps rn : X → Xn, for
every n. For γ ∈ Γ we have that {x ∈ X |γx = x} = ∩nr−1n ({x ∈ Xn|γx = x}), hence
µ({x ∈ X |γx = x}) = lim
n→∞
µ(r−1n ({x ∈ Xn|γx = x})) =
lim
n→∞
µn({x ∈ Xn|γx = x}) = lim
n→∞
|{x ∈ Xn|γx = x}|/|Xn|.
Thus, the action Γy (X, µ) is (essentially) free iff
(1.6.) lim
n→∞
|{x ∈ Xn|γx = x}|/|Xn| = 0, ∀γ ∈ Γ \ {e}
In particular, if Γ y (X, µ) is free and if Γn := {γ ∈ Γ|γx = x, ∀x ∈ Xn}, then Γn
are finite index subgroups of Γ and ∩nΓn = {e}. Thus, any group Γ which admits a free
ergodic profinite action must be residually finite, a fact which we assumed implicitely
in the statements of Theorems A and B. Conversely, if Γ is a residually finite group
and if {Γn}n is a descending chain of finite index, normal subgroups of Γ with ∩nΓn =
{e}, then by using (1.6.) it readily follows that the ergodic profinite action Γ y
lim←−(Γ/Γn, µn) is also free.
Next, we consider a second construction of profinite actions where (1.6.) and thus
freeness can be easily checked. Let Γ be a countable group which decomposes as a
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semidirect product Γ = ∆ ⋉ Γ0. Assume {Γn0}n is a descending chain of finite index
subgroups of Γ0 such that Γ
n
0 is normal in Γ, for all n. For every n and all a ∈ ∆, let
θna ∈ Aut(Γ0/Γn0 ) be given by θna (cΓn0 ) = (aca−1)Γn0 , for all cΓn0 ∈ Γ0/Γn0 . Then Γ acts
on Γ0/Γ
n
0 by the formula
(a, b) ◦ (cΓn0 ) = θna (bcΓn0 ) = (abca−1)Γn0 ,
for all a ∈ ∆, b ∈ Γ0, cΓn0 ∈ Γ0/Γn0 and this action preserves the counting probability
measure µn on Γ0/Γ
n
0 . If qn : Γ0/Γ
n+1
0 → Γ0/Γn0 is the map given by inclusion of
right cosets, then qn is Γ−equivariant and measure preserving, for all n. Let Γ yα
lim←−(Γ0/Γn0 , µn) be the associated profinite action and note that, by construction, α|Γ0
is ergodic.
1.7. Lemma. In the above setting, assume that ∩nΓn0 = {e} and that, for all a ∈
∆ \ {e}, the group {b ∈ Γ0|[a, b] = e} is of infinite index in Γ0. Then α is free.
Proof. For every n and a ∈ ∆, denote Fix(θna ) = {x ∈ Γ0/Γn0 |θna (x) = x}. Then
qn(Fix(θ
n+1
a )) ⊂ Fix(θna ), thus qn induces a surjective homomorphism
(1.7.a.) qn : (Γ0/Γ
n+1
0 )/Fix(θ
n+1
a )→ (Γ0/Γn0 )/Fix(θna )
We claim that
(1.7.b.) lim
n→∞
[(Γ0/Γ
n
0 ) : Fix(θ
n
a )] =∞, ∀a ∈ ∆ \ {e}
If we assume that this is not the case, then we can find a ∈ ∆ \ {e} and N such that
qn is an isomorphism, for all n ≥ N . Let Γ′ = {x ∈ Γ0|θNa (xΓN0 ) = xΓN0 }. Since qn is
injective, for all n ≥ N , we get that
θna (xΓ
n
0 ) = xΓ
n
0 , ∀x ∈ Γ′, ∀n ≥ N.
This rewrites
x−1axa−1 ∈ Γn0 , ∀x ∈ Γ′, ∀n ≥ N,
and since ∩nΓn0 = {e}, we deduce that [a, x] = e, for all x ∈ Γ′. However, since Γ′ ⊂ Γ0
is a finite index subgroup (as it contains ΓN0 ), this contradicts the hypothesis, thus
(1.7.b.) holds true.
Now, to check that α if free, let (a, b) ∈ Γ \ {e}, where a ∈ ∆ and b ∈ Γ0. Since the
restriction α|Γ0 is free, we can assume that a 6= 0. We claim that
(1.7.c.) |{xΓn0 ∈ Γ0/Γn0 |(a, b) ◦ (xΓn0 ) = xΓn0}| ≤ |Fix(θna )|, ∀n
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Indeed, this follows from the following fact: if x, y verify (a, b) ◦ (xΓn0 ) = xΓn0 and
(a, b) ◦ (yΓn0 ) = yΓn0 , then (y−1x)Γn0 ∈ Fix(θna ). By combining (1.7.b.) and (1.7.c.), we
get that
(1.7.d.) lim
n→∞
|{xΓn0 ∈ Γ0/Γn0 |(a, b)◦(xΓn0 ) = xΓn0 }|/|Γ0/Γn0 | = 0, ∀a ∈ ∆\{e}, ∀b ∈ Γ0
Finally, by using (1.6.) we deduce that α is free. 
Recall that two measure preserving actions Γi y
αi (Xi, µi), i = 1, 2, are called
conjugate if there exists a group isomorphism δ : Γ1 → Γ2 and a measure space
isomorphism θ : (X1, µ1) → (X2, µ2) such that θ(γx) = δ(γ)θ(x), for all γ ∈ Γ1 and
a.e. x ∈ X1.
1.8. Proposition. Let Γ1, Γ2 be two countable groups and let {Γ1,n}n ⊂ Γ1 and
{Γ2,n}n ⊂ Γ2 be descending chains of finite index subgroups. Then the profinite actions
Γi y
αi (Xi, µi) := lim←−(Γi/Γi,n, µi,n), i = 1, 2, are conjugate iff there exists a group
isomorphism δ : Γ1 → Γ2, two subsequences {nk}k, {Nk}k ⊂ N and γk ∈ Γ2 such that
γNk+1Γ2,Nk+1 ⊂ γNkΓ2,Nk ,
δ(Γ1,nk+1) ⊂ γNkΓ2,NkγNk−1 ⊂ δ(Γ1,nk), ∀k.
In particular, if for some i ∈ {1, 2} we have that Γi,n is a normal subgroup of Γi,
for all n, then α1 is conjugate to α2 iff there exists a group isomorphism δ : Γ1 → Γ2
and two subsequences {nk}k, {Nk}k ⊂ N such that
δ(Γ1,nk+1) ⊂ Γ2,Nk ⊂ δ(Γ1,nk), ∀k.
Proof. Assume first that α1 is conjugate to α2. Let δ : Γ1 → Γ2 be a group
isomorphism and θ : (X1, µ1) → (X2, µ2) be a measure space isomorphism imple-
menting the conjugacy. For i ∈ {1, 2} and for all n, denote Xi,n = Γi/Γi,n and let
ri,n : Xi → Xi,n be the quotient map. Also, for all a ∈ Xi,n, denote Xi,a,n = r−1i,n({a})
and Γi,a,n = {γ ∈ Γi|γXi,a,n = Xi,a,n}.
Claim. For all n and for every a ∈ X1,n, there exist N and F ⊂ X2,N such that
θ(X1,a,n) = ∪b∈FX2,b,N . Moreover, in this case, we have that Γ2,b,N ⊂ δ(Γ1,a,n), for all
b ∈ F .
Proof of Claim. Since X1,a,n is Γ1,a,n-invariant, we get that θ(X1,a,n) is δ(Γ1,a,n)-
invariant. Using the fact that δ(Γ1,a,n) has finite index in Γ2, Lemma 1.4. implies
that θ(X1,a,n) = ∪b∈FX2,b,N , for some N and some set F ⊂ X2,N . For the second
assertion, let b ∈ F and γ ∈ Γ2 such that γX2,b,N = X2,b,N . Thus, in particular,
µ2(γθ(X1,a,n) ∩ θ(X1,a,n)) > 0, hence µ1(δ−1(γ)X1,a,n ∩ X1,a,n) > 0. Finally, this
implies that δ−1(γ) invaries X1,a,n, which proves the claim. 
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Similarly, we get that for all n and every b ∈ X2,n, there exist N and F ⊂ X1,N
such that X2,b,n = ∪a∈F θ(X1,a,N). Also, in this case, δ(Γ1,a,N ) ⊂ Γ2,b,n, for all a ∈ F .
Now, for every n, define an = eΓ1,n ∈ X1,n = Γ1/Γ1,n. By the above claim it follows
that for every n we can find m ≥ n, N and b ∈ X2,N such that θ(X1,am,m) ⊂ X2,b,N ⊂
θ(X1,an,n) and δ(Γ1,am,m) ⊂ Γ2,b,N ⊂ δ(Γ1,an,n). Indeed, by applying the claim we
get that θ(X1,an,n) = ∪b∈FX2,b,N for some N and some set F ⊂ X2,N . Now, by
applying the claim a second time we can find m ≥ n such that for all b ∈ F , X2,b,N =
∪a∈Fbθ(X1,a,m), for some set Fb ⊂ X1,m. Since we also have that θ(X1,am,m) ⊂
θ(X1,an,n), we can find b ∈ F such that θ(X1,am,m) ⊂ X2,b,N .
Thus, we can inductively construct two subsequences {nk}k, {Nk}k ⊂ N and bk ∈
X2,Nk such that
(1.8.a.) θ(X1,ank+1 ,nk+1) ⊂ X2,bk,Nk ⊂ θ(X1,ank ,nk)
and
(1.8.b.) δ(Γ1,ank+1 ,nk+1) ⊂ Γ2,bk,Nk ⊂ δ(Γ1,ank ,nk), ∀k
Now, for every k, let γk ∈ Γ2 such that X2,bk,Nk = γkΓ2,Nk . By using inclusion
(1.8.a.) we get that γk+1Γ2,Nk+1 ⊂ γkΓ2,Nk , for all k. Since we also have that Γ2,bk,Nk =
γNkΓ2,NkγNk
−1 and that Γ1,ank ,nk = Γ1,nk , for al k, inclusion (1.8.b.) gives the rest of
the conclusion.
Conversely, if we assume inclusions from the hypothesis to hold true, then Remark
1.3.(2) implies that α1 and α2 are conjugate. 
§2. A criterion for untwisting cocycles.
Let Γ yα (X, µ) be a measure preserving action and let Λ be a Polish group. A
measurable map w : Γ×X → Λ is called a cocycle for α if it satisfies
w(γ1γ2, x) = w(γ1, γ2x)w(γ2, x), ∀γ1, γ2 ∈ Γ
and a.e. x ∈ X . Two cocycles w1 and w2 are said to be cohomologous if there exists
a measurable map φ : X → Λ such that
w1(γ, x) = φ(γx)w2(γ, x)φ(x)
−1, ∀γ ∈ Γ
and a.e. x ∈ X . Note that if ψ : Γ→ Λ is a group homomorphism, then w(γ, x) = ψ(γ)
defines a cocycle. In this Section, we give a criterion for untwisting cocycles, i.e. for
showing that a cocycle is cohomologous to a homomorphism. This criterion will follow
as a consequence of the next lemma whose proof is inspired by the proofs of 4.2. in
[P2] and 4.2. in [Fu4].
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2.1. Lemma. Let Γ yα (X, µ) be a measure preserving ergodic action. Let Λ be a
countable group and let w1, w2 : Γ × X → Λ be two cocycles for α. Let C ∈ (7/8, 1)
and assume that µ({x ∈ X |w1(γ, x) = w2(γ, x)}) ≥ C, for all γ ∈ Γ. Then w1 is
cohomologous to w2.
Proof. Endow Λ with the counting measure c and let σ be the measure preserving
action of Γ on the infinite measure space (X × Λ, µ× c) given by
γ(x, λ) = (γx, w1(γ, x)λw2(γ, x)
−1
), ∀γ ∈ Γ, λ ∈ Λ, x ∈ X.
Let pi : Γ → U(L2(X × Λ, µ × c)) be the induced unitary representation and let ξ ∈
L2(X × Λ, µ× c) be given by ξ(x, λ) = δλ,e. Then
||pi(γ)(ξ)− ξ||2 = 2− 2ℜ < pi(γ)(ξ), ξ >=
2− 2µ({x ∈ X |w1(γ, x) = w2(γ, x)}) ≤ 2− 2C, ∀γ ∈ Γ.
Thus ||pi(γ)(ξ) − ξ|| ≤ √2− 2C, for all γ ∈ Γ, and a standard averaging argument
shows that we can find η ∈ L2(X × Λ, µ× c) such that ||η − ξ|| ≤ √2− 2C < 1/2 and
η is pi(Γ)-invariant, i.e.
(2.1.) η(γx, w1(γ, x)λw2(γ, x)
−1) = η(x, λ), ∀γ ∈ Γ, λ ∈ Λ,
and a.e. x ∈ X .
Let X0 be the set of x ∈ X such that there exists a unique λ = φ(x) ∈ Λ with
|η(x, λ)| > 1/2. Then identity (2.1.) implies that X0 is α(Γ)−invariant and that
(2.2.) w1(γ, x)φ(x)w2(γ, x)
−1
= φ(γx), ∀γ ∈ Γ
a.e. x ∈ X0. On the other hand, the inequality ||η − ξ|| < 1/2 is equivalent to
∫
X
[|η(x, e)− 1|2 +
∑
γ∈Γ\{e}
|η(x, γ)|2]dµ(x) < 1/4.
In particular, the set
Y = {x ∈ X ||η(x, e)− 1|2 +
∑
γ∈Γ\{e}
|η(x, γ)|2 < 1/4}
satisfies µ(Y ) > 0. It is then clear that Y ⊂ X0, thus µ(X0) > 0 and since α is ergodic,
we get that X0 = X , a.e. Finally, (2.2.) implies that w1 is cohomologous to w2. 
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2.2. Corollary. Let Γyα (X, µ) be a measure preserving ergodic action. Let Λ be a
countable group and let w : Γ×X → Λ be a cocycle for α. Let C ∈ (7/8, 1) and assume
that
(µ× µ)({(x1, x2) ∈ X ×X |w(γ, x1) = w(γ, x2)}) ≥ C, ∀γ ∈ Γ.
Then w is cohomologous to a group homomorphism ψ : Γ→ Λ.
Proof. For γ ∈ Γ and λ ∈ Λ, denote Sγ,λ = {x ∈ X |w(γ, x) = λ}. If γ ∈ Γ, then
since {Sγ,λ}λ∈Λ is a partition of X , we get that
∑
λ∈Λ µ(Sγ,λ) = 1. Thus,
C ≤ (µ× µ)({(x1, x2) ∈ X ×X |w(γ, x1) = w(γ, x2)}) =
∑
λ∈Λ
µ(Sγ,λ)
2 ≤ (
∑
λ∈Λ
µ(Sγ,λ))max
λ∈Λ
µ(Sγ,λ) = max
λ∈Λ
µ(Sγ,λ), ∀γ ∈ Γ.
In conclusion, for every γ ∈ Γ, we can find a unique ψ(γ) ∈ Λ such that the set Tγ =
{x ∈ X |w(γ, x) = ψ(γ)} has measure µ(Tγ) ≥ C. Next, note that given γ1, γ2 ∈ Γ, we
have that
ψ(γ1γ2) = w(γ1γ2, x) = w(γ1, γ2x)w(γ2, x) = ψ(γ1)ψ(γ2), ∀x ∈ Tγ1γ2 ∩ γ−12 Tγ1 ∩ Tγ2 .
Since µ(Tγ1γ2 ∩ γ−12 Tγ1 ∩ Tγ2) ≥ 3C − 2 > 0, for all γ1, γ2 ∈ Γ, we deduce that ψ is
a homomorphism and the claim follows by the previous lemma. 
§3. Proof of cocycle superrigidity.
In this Section we give the proof of Theorem B. To this end, recall that the action
Γ yα X is a limit of actions Γ yαn Xn, where Xn are finite probability spaces
together with Γ-equivariant quotient maps rn : X → Xn, for all n ≥ 0. For a fixed
n, denote Xa,n = r
−1
n ({a}), Γa,n = {γ ∈ Γ|γa = a}, for all a ∈ Xn, and observe
that µ(Xa,n) = |Xn|−1. Also, recall that Γ0 is a normal subgroup of Γ such that the
inclusion Γ0 ⊂ Γ has relative property (T), the quotient Γ/Γ0 is finitely generated and
the restriction Γ0 y
α|Γ0 X is ergodic.
Next, let c be the counting measure on Λ and define the measure space (Z, ρ) =
(X ×X ×Λ, µ×µ× c). Let σ be the measure preserving action of Γ on (Z, ρ) given by
γ(x1, x2, λ) = (γx1, γx2, w(γ, x1)λw(γ, x2)
−1), ∀(x1, x2) ∈ X ×X, λ ∈ Λ
and let pi : Γ→ U(L2(Z, ρ)) be the induced unitary representation. For every n ≥ 0 and
a ∈ Xn, let ζa,n ∈ L∞(Z, ρ) be the characteristic function of the set Xa,n×Xa,n×{e}
and define ξa,n =
√|Xn|ζa,n. Finally, for all n ≥ 0, set ξn = ∑a∈Xn ξa,n, then||ξn||L2(Z,ρ) = 1.
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Part 1. limn→∞ ||pi(γ)(ξn)− ξn||L2(Z,ρ) = 0, for all γ ∈ Γ.
Proof of Part 1. Fix γ ∈ Γ. For λ ∈ Λ, denote Sλ = {x ∈ X |w(γ−1, x) = λ}. Using
the fact that the set ∪a∈Xn(Xa,n ×Xa,n) is invariant under the diagonal action α× α
of Γ on X ×X , we deduce that for all n
(3.a.) < pi(γ)(ξn), ξn >L2(Z,ρ)=
|Xn|
∑
a∈Xn
∫
Xa,n×Xa,n×Λ
δw(γ−1,x1)λw(γ−1,x2)−1,eδλ,ed(µ× µ× c)(x1, x2, λ) =
|Xn|
∑
a∈Xn
(µ× µ)({(x1, x2) ∈ Xa,n ×Xa,n|w(γ−1, x1) = w(γ−1, x2)}) =
|Xn|
∑
a∈Xn,λ∈Λ
µ(Xa,n ∩ Sλ)2.
Now, let Pn be the orthogonal projection from L
2X onto the finite dimensional Hilbert
space spanned by {1Xa,n |a ∈ Xn}. Then it is easy to check that for every measurable
set S ⊂ X and every n ≥ 0, we have that |Xn|
∑
a∈Xn
µ(Xa,n∩S)2 = ||Pn(1S)||2L2(X,µ).
By combining this fact with equality (3.a.) we get that
(3.b.) < pi(γ)(ξn), ξn >L2(Z,ρ)=
∑
λ∈Λ
||Pn(1Sλ)||2L2(X,µ), ∀n ≥ 0
Next, note that if we view L2Xn as a Hilbert subspace of L
2X (via rn), then Pn
is precisely the orthogonal projection onto L2Xn. Since X = lim←−Xn we have that
L2X = (∪n≥0L2Xn)||.||, thus Pn → I, in the strong operator topology.
Now, let ε > 0, then since
∑
λ∈Λ µ(Sλ) = 1, we can find F ⊂ Λ finite such that∑
λ∈Λ\F µ(Sλ) ≤ ε. Since Pn → I, (3.b.) implies that
lim inf
n
| < pi(γ)(ξn), ξn >L2(Z,ρ) | ≥
∑
λ∈F
||1Sλ ||2L2(X,µ) =
∑
λ∈F
µ(Sλ) ≥ 1− ε.
As ε > 0 is arbitrary and ||ξn|| = 1, we get that limn→∞ < pi(γ)(ξn), ξn >L2(Z,ρ)= 1,
for all γ ∈ Γ and Step 1 follows. 
For the next three steps, fix δ ∈ (0, 1).
Part 2. There exists n and η ∈ L2(Z, ρ) such that pi(γ)(η) = η, for all γ ∈ Γ0, and
||η − ξn||L2(Z,ρ) < δ/4.
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Proof of Part 2. Since the inclusion Γ0 ⊂ Γ has relative property (T) (as defined
in the introduction), then by [Jo1] we can find a finite set F ⊂ Γ and k > 0 such
that if pi : Γ → U(H) is a unitary representation and ξ ∈ H is a unit vector with
||pi(γ)(ξ)− ξ|| ≤ k, for all γ ∈ F , then we can find a pi(Γ0)-invariant vector η ∈ H such
that ||η − ξ|| < δ/4. Thus, using Part 1, we get the conclusion. 
Part 3. There exists a ∈ Xn such that
||pi(γ)(ξa,n)− ξa,n||L2(Z,ρ) < (δ/2)||ξa,n||L2(Z,ρ), ∀γ ∈ Γa,n ∩ Γ0.
Proof of Part 3. For every a ∈ Xn, let ηa be the restriction of η to Xa,n×Xa,n×Λ.
Then η′ =
∑
a∈Xn
ηa is the restriction of η to [∪a∈Xn(Xa,n ×Xa,n)] × Λ. Since ξn is
supported on [∪a∈Xn(Xa,n×Xa,n)]×Λ, we get that ||η′−ξn||L2(Z,ρ) ≤ ||η−ξn||L2(Z,ρ) <
δ/4. Thus ∑
a∈Xn
||ηa − ξa,n||2L2(Z,ρ) = ||η′ − ξn||2L2(Z,ρ) < δ2/16 =
(δ2/16)||ξa,n||2L2(Z,ρ) = (δ2/16)
∑
a∈Xn
||ξa,n||2L2(Z,ρ),
hence we can find a ∈ Xn such that ||ηa − ξa,n||L2(Z,ρ) < (δ/4)||ξa,n||L2(Z,ρ).
On the other hand, since η is pi(Γ0)-invariant and since Xa,n×Xa,n×Λ is a σ(Γa,n)-
invariant set, we get that ηa is a pi(Γa,n ∩ Γ0)-invariant vector. Thus by applying
triangle’s inequality we deduce that
||pi(γ)(ξa,n)− ξa,n||L2(Z,ρ) ≤ 2||ηa − ξa,n||L2(Z,ρ) <
(δ/2)||ξa,n||L2(Z,ρ), ∀γ ∈ Γa,n ∩ Γ0.

Part 4. There exists a homomorphism ψ : Γa,n∩Γ0 → Λ such that w is cohomologous
to a cocycle w1 : Γ×X → Λ which satisfies w1(γ, x) = ψ(γ), for all γ ∈ Γa,n ∩ Γ0 and
a.e. x ∈ Xa,n.
Proof of Part 4. By Part 3 we have that
(3.c.) (1− δ2/8)||ξa,n||2L2(Z,ρ) < ℜ < pi(γ)(ξa,n), ξa,n >L2(Z,ρ), ∀γ ∈ Γa,n ∩ Γ0.
Now, a computation similar to the one in Part 1 shows that inequality (3.c.) is
equivalent to
(1− δ2/8)|Xn|−1 < |Xn|(µ× µ)({(x1, x2) ∈ Xa,n ×Xa,n|w(γ, x1) = w(γ, x2)}),
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for all γ ∈ Γa,n ∩ Γ0. Hence, if we denote µa,n = (1/|Xn|)µ|Xa,n , then µa,n is a
probability measure on Xa,n and the last inequality rewrites
(µa,n×µa,n)({(x1, x2) ∈ Xa,n×Xa,n|w(γ, x1) = w(γ, x2)}) > 1− δ2/8, ∀γ ∈ Γa,n ∩Γ0.
Next, since the action Γ0 y (X, µ) is assumed ergodic then by Remark 1.3.(3) we get
that the action Γa,n ∩ Γ0 y (Xa,n, µa,n) is ergodic. Thus, since we also have that
1 − δ2/8 > 7/8, we can apply Corollary 2.2. to deduce that there exists a group
homomorphism ψ : Γa,n ∩ Γ0 → Λ and a measurable function φ : Xa,n → Λ such
that φ(γx)w(γ, x)φ(x)−1 = ψ(γ), for all γ ∈ Γa,n ∩ Γ0 and a.e. x ∈ Xa,n. If we
let φ˜ : X → Λ be given by φ˜(x) = φ(x) if x ∈ Xa,n and φ(x) = e otherwise, then
w1(γ, x) = φ˜(γx)w(γ, x)φ˜(x)
−1 is a cocycle satisfying the conclusion. 
Part 5. There exist homomorphisms ψb : Γb,n ∩Γ0 → Λ, for all b ∈ Xn, such that w
is cohomologous to a cocycle w2 : Γ ×X → Λ which satisfies w2(γ, x) = ψb(γ), for all
γ ∈ Γb,n ∩ Γ0, x ∈ Xb,n and b ∈ Xn.
Proof of Part 5. Fix b ∈ Xn and let γ ∈ Γ such that b = γa. By using the cocycle
relation we have that
(3.d.) w1(γ0, x) = w1(γ
−1, γ0x)
−1w1(γ
−1γ0γ, γ
−1x)w1(γ
−1, x)
for all γ0 ∈ Γb,n∩Γ0 and a.e. x ∈ Xb,n. Since γ−1(Γb,n∩Γ0)γ = Γa,n∩Γ0 (Γ0 is normal
in Γ) and γ−1Xb,n = Xa,n, Part 4 implies that w1(γ
−1γ0γ, γ
−1x) = ψ(γ−1γ0γ), for all
γ0 ∈ Γb,n ∩ Γ0 and a.e. x ∈ Xb,n. Define φb : Xb,n → Λ by φb(x) = w1(γ−1, x) and
ψb : Γb,n ∩ Γ0 → Λ by ψb(γ0) = ψ(γ−1γ0γ). Then ψb is a homomorphism and identity
(3.d.) becomes
(3.e.) w1(γ0, x) = φb(γ0x)
−1ψb(γ)φb(x), ∀γ0 ∈ Γb,n ∩ Γ0
and a.e. x ∈ Xb,n.
Finally, let φ : X → Λ be defined by φ(x) = φb(x) iff x ∈ Xb,n. Then the formula
w2(γ, x) = φ(γx)w1(γ, x)φ(x)
−1 defines a cocycle cohomologous to w1 (thus to w)
which by (3.e.) verifies the conclusion. 
Part 6. There exists N ≥ n such that w2 factors through the map Γ×X → Γ×XN .
Proof of Part 6. Fix γ ∈ Γ. We claim first that there exists N(γ) ≥ n such that
map X ∋ x→ w2(γ, x) ∈ Λ factors through rN(γ) : X → XN(γ). Start by noticing that
Part 5 and identity (3.d.) for w2 imply that
w2(γ, γ0x) = ψγb(γγ0γ
−1)w2(γ, x)ψb(γ0)
−1,
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for all b ∈ Xn, γ0 ∈ Γb,n ∩ Γ0 and a.e. x ∈ Xb,n. In particular, for all b ∈ Xn, the
map Xb,n ∋ x → w2(γ, x) ∈ Λ satisfies the hypothesis of Corollary 1.5. for the action
(Γb,n ∩ Γ0)y (Xb,n, µb,n). Now, by Remark 1.3.(3) this action is ergodic and profinite
(since the action Γ0 y (X, µ) is ergodic and profinite). Corollary 1.5. thus implies that
for all b ∈ Xn, we can find N(γ, b) ≥ n such that the map x 7→ w2(γ, x) is constant
on Xb′,N(γ,b), for all b
′ ∈ XN(γ,b) such that Xb′,N(γ,b) ⊂ Xb,n. It is now clear that the
claim holds true for N(γ) = maxb∈Xn N(γ, b).
Next, if we let Γn = ∩a∈XnΓa,n, then Part 5 gives that the maps x→ w2(γ0, x) are
constant on Xb,n, for all b ∈ Xn and all γ0 ∈ Γn ∩ Γ0. Since [Γ0 : (Γn ∩ Γ0)] <∞ and
Γ/Γ0 is finitely generated we can find γ1, ..., γm ∈ Γ such that Γ is generated by Γn∩Γ0
and γ1, .., γm. Let N = maxi=1,mN(γi), then the maps x → w2(γ, x) are constant on
Xb,N , for all b ∈ XN and for all γ ∈ S := (Γa,n ∩ Γ0) ∪ {γ1, .., γm}.
Finally, let g ∈ Γ, then since S generates Γ we can find g1, .., gl ∈ S such that
g = g1g2...gl. By the cocycle identity we have that a.e. x ∈ X
(3.f.) w(g, x) = w(g1, (g2...gl)x)w(g2, (g3...gl)x)...w(gl, x)
Let b ∈ XN and 2 ≤ k ≤ l. Then (gkgk+1..gl)Xb,n = X(gkgk+1..gl)b,n and since gk−1 ∈
S, the above implies that the map Xb,N ∋ x → w2(gk−1, (gkgk+1..gl)x) is constant.
Combining this fact with identity (3.f.) we get that the map Xb,N ∋ x → w2(g, x) is
constant on Xb,N , for all b ∈ XN . 
3.1. Remarks. (1). Note that in the above proof we do not use the full strength
of the relative property (T) of the inclusion Γ0 ⊂ Γ. In fact, notice that in order to
untwist w we only use relative property (T) for the specific representation pi arising
from the action Γyσ X ×X × Λ.
(2). We remark that Theorem B in combination with Popa’s cocycle superrigidity
result ([P2]) leads to examples of cocycle superrigid actions which are neither profinite
(as in Theorem B) nor Bernoulli (as in [P2]). For this, let Γ, Γ0 and Γ y
α X be
as in Theorem A. Let Γ yρ Y = [0, 1]Γ be the Bernoulli shift action (where [0, 1] is
endowed with the Lebesgue measure). Finally, let w : Γ × (X × Y ) → Λ be a cocycle
for the diagonal product action α× ρ with values in a countable group Λ. Then there
exist n such that w is cohomologous to a cocycle w′ : Γ × (X × Y ) → Λ of the form
w′ = w′′ ◦ (id × sn), for some cocycle w′′ : Γ × Xn → Λ, where sn : X × Y → Xn is
given by sn(x, y) = rn(x). Indeed, by Theorem 5.2. in [P2], w is cohomologous to a
cocycle which only depends on the X-variable and then Theorem B gives the claimed
conclusion.
(3). Recently, S. Coskey used Theorem B to prove that the isomorphism and quasi-
isomorphism problems for the p-local torsion-free abelian groups of rank n have incom-
parable Borel complexities, for every n ≥ 3 ([Co]).
§4. Proof of OE superrigidity.
In this Section we prove a more general version of Theorem A. To state it, we need to
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review some more terminology (see, for example, Section 1 in [P2]). Let R be a count-
able measure preserving equivalence relation on a standard probability space (X, µ).
Recall that every such equivalence relation is of the form RΓ = {(x, γx)|x ∈ X, γ ∈ Γ},
for some measure preserving action Γy X of a countable group Γ ([FM]). Hereafter,
we will refer to the equivalence relation RΓ as the equivalence relation induced by the
action Γy X .
Now, assume that R is an ergodic equivalence relation and let t > 0. On X˜ = X×N,
endowed with the measure µ˜ = µ× c (where c is the counting measure on N), consider
the equivalence relation R˜ given by (x, i)R˜(y, j) ⇐⇒ xRy. Let Y ⊂ X˜ be a set of
measure µ˜(Y ) = t and define RY = R˜∩ (Y ×Y ) (the restriction of R˜ to Y ). Then RY
is a countable equivalence relation on Y preserving the probability measure t−1µ˜|Y .
Moreover, its isomorphism class, denoted Rt (in words: the t-amplification of R),
only depends on t and not on the choice of Y .
Also, we say that θ : R → S is an orbit equivalence (or isomorphism) between
two countable measure preserving equivalence relations R,S on (X, µ) and on (Y, ν),
respectively, if θ : X → Y is a probability space isomorphism such that θ is a bijection
between the R-orbit of x and the S-orbit of θ(x), a.e. x ∈ X . Finally, we recall that
the full group of a countable measure preserving equivalence relation R on (X, µ),
denoted [R], consists of the automorphisms τ of X such that τ(x)Rx, a.e. x ∈ X .
4.1. Theorem. Let Γ yα X be as in Theorem A. Suppose that α is the limit of the
actions Γ yαn Xn, with Xn finite, and, for every n, let rn : X → Xn be the quotient
map. For every n and a ∈ Xn, denote Xa,n = r−1n ({a}) and Γa,n = {γ ∈ Γ|γXa,n =
Xa,n}.
Let Λ yβ Y be a free ergodic measure preserving action of a countable group Λ on
a standard probability space Y and let θ : RΓ → RtΛ be an orbit equivalence, for some
t > 0. Then we can find n, a ∈ Xn, a finite index subgroup Λ0 of Λ, τ ∈ [RΛ] and
a group isomorphism ψ : Γa,n → Λ0 such that Y0 = (τ ◦ θ)(Xa,n) is a Λ0-invariant
set and (τ ◦ θ)|Xa,n : Xa,n → Y0 conjugates the actions Γa,n y Xa,n and Λ0 y Y0.
Moreover, µ(Y0) = [Λ : Λ0]
−1, t = [Λ : Λ0]
−1[Γ : Γa,n] ∈ Q and the action Λ y Y is
obtained by inducing the action Λ0 y Y0 to Λ.
Proof. We first assume that t ≤ 1. Let Y ′ ⊂ Y be a measurable set of measure t and
let θ : (X, µ) → (Y ′, t−1ν|Y ′) be a probability space isomorphism such that θ(Γx) =
Λθ(x) ∩ Y ′, a.e. x ∈ X . For x ∈ X and γ ∈ Γ, let w(γ, x) be the unique (by freeness
of the Λ-action) element of Λ such that θ(γx) = w(γ, x)θ(x). Then w : Γ ×X → Λ is
a measurable cocycle. By applying Theorem B we can find n ≥ 0, a ∈ Xn, a group
homomorphism ψ : Γa,n → Λ and a measurable map φ : X → Λ such that
(4.a.) w(γ, x) = φ(γx)ψ(γ)φ(x)−1
for all γ ∈ Γa,n and a.e. x ∈ Xa,n.
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Next, let λ ∈ Λ such that µ({x ∈ Xa,n|φ(x) = λ}) > 0. Since X = lim←−Xm, we
can find m ≥ n and b ∈ Xm such that Xb,m ⊂ Xa,n and µ({x ∈ Xb,m|φ(x) = λ}) >
(1/2)µ(Xb,m). Define φ
′(x) = φ(x)λ−1 and ψ′(γ) = λψ(γ)λ−1 for all x ∈ X and
γ ∈ Γa,n. Thus, if we replace n, a, φ, ψ by m, b, φ′, ψ′, respectively, then identity (4.a.)
still holds true and we moreover have that µ({x ∈ Xa,n|φ(x) = e}) > (1/2)µ(Xa,n).
Let n and a ∈ Xn be as above. To simplify notation, set A = {x ∈ Xa,n|φ(x) = e},
B = θ(A), and Λ0 = ψ(Γa,n). Also, define θ˜ : X → Y by θ˜(x) = φ(x)−1θ(x), for all
x ∈ X , and let Y0 = θ˜(Xa,n). Then from (4.a.) and the above discussion we derive the
following two relations
(4.b.) θ˜(γx) = φ(γx)−1θ(γx) = φ(γx)−1w(γ, x)θ(x) =
ψ(γ)φ(x)−1θ(x) = ψ(γ)θ˜(x), ∀γ ∈ Γa,n,
a.e. x ∈ Xa,n and
(4.c.) µ(A) > (1/2)µ(Xa,n)
Claim 1. θ˜|Xa,n is 1-1, ν(Y0) = tµ(Xa,n),
θ˜|Xa,n : (Xa,n, µ(Xa,n)
−1
µ|Xa,n)→ (Y0, ν(Y0)−1ν|Y0)
is a probability space isomorphism and Ker(ψ) = {e}.
Proof of Claim 1. We first note that if C ⊂ X is a measurable set such that θ˜|C is
1-1, then ν(θ˜(C)) = tµ(C). Indeed, if Cλ = {x ∈ C|φ(x) = λ}, then C = ⊔λ∈ΛCλ and
θ˜(C) = ⊔λ∈Λλθ(Cλ), thus
ν(θ˜(C)) =
∑
λ∈Λ
ν(λθ(Cλ)) =
∑
λ∈Λ
ν(θ(Cλ)) = t
∑
λ∈Λ
µ(Cλ) = tµ(C).
Next, since B = θ(A) = θ˜(A) ⊂ Y0, we get that ν(Y0) ≥ ν(B). Since ν(B) = tµ(A),
relation (4.c.) implies that ν(Y0) > (t/2)µ(Xa,n). On the other hand, (4.b.) implies
that the function
Xa,n ∋ x→ |{y ∈ Xa,n|θ˜(x) = θ˜(y)}| ∈ N ∪ {+∞}
is Γa,n-invariant. Since the action Γa,n y (Xa,n, µa,n) is ergodic (by Remark 1.3.(3)),
we can find k ≥ 1 such that |{y ∈ Xa,n|θ˜(x) = θ˜(y)}| = k, a.e. x ∈ Xa,n.
If k ≥ 2, then we can find two disjoint measurable sets Z1, Z2 ⊂ Xa,n such that
θ˜(Zi) = Y0 and θ˜|Zi is 1-1, for i ∈ {1, 2}. Indeed, note that on one hand the above gives
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that |θ˜−1|Xa,n({y})| ≥ 2, a.e. y ∈ Y0, while, on the other hand θ˜−1({y}) ⊂ Γθ−1(y), a.e.
y ∈ Y (here we use the definition of θ˜ and the fact that θ(Γx) = Λθ(x)∩Y ′, a.e. x ∈ X).
Thus, a.e. y ∈ Y0, we can find γ1,y, γ2,y ∈ Γ (depending measurably on y) such that
γ1,yθ
−1(y), γ2,yθ
−1(y) ∈ θ˜−1|Xa,n({y}). In this then clear that Zi = {γi,yθ−1(y)|y ∈ Y0},
i = 1, 2, verify the desired conditions. However, by the first part of the proof of this
claim we would get that µ(Z1) = µ(Z2) = (1/t)ν(Y0), thus
µ(Xa,n) ≥ µ(Z1) + µ(Z2) = (2/t)ν(Y0),
a contradiction. Therefore k must be 1, hence θ˜|Xa,n is 1-1.
For the last part, let γ ∈ Ker(ψ). Then by identity (4.b.) we get that θ˜(γx) = θ˜(x)
a.e. x ∈ Xa,n. Since θ˜ is 1-1 on Xa,n, it follows that γx = x, a.e. x ∈ Xa,n and since
Γ acts freely on X , we must have γ = e. 
Claim 2. Λ0 is a finite index subgroup of Λ.
Proof of Claim 2. To prove this, we use an argument from Section 5 in [Fu4].
Let λ ∈ Λ such that ν(B ∩ λ−1B) > 0. We claim that λ ∈ Λ0. To this end, let
y ∈ B ∩ λ−1B. Then we can find x1, x2 ∈ A ⊂ Xa,n such that θ(x1) = y and
θ(x2) = λy, thus θ(x2) ∈ Λθ(x1) ∩ B ⊂ Λθ(x1) ∩ θ(Xa,n). Using the hypothesis we
have that
θ(Γa,nx) = θ(Γx ∩Xa,n) = θ(Γx) ∩ θ(Xa,n) = Λθ(x) ∩ θ(Xa,n),
a.e. x ∈ Xa,n. Thus, we can find γ ∈ Γa,n such that θ(x2) = θ(γx1) and since θ is 1-1,
we derive that x2 = γx1. Further, using (4.b.), we get that
θ(x2) = θ˜(x2) = θ˜(γx1) = ψ(γ)θ˜(x1) = ψ(γ)θ(x1)
and since we also have that θ(x2) = λθ(x1) freeness of the action of Λ on Y implies
that λ = ψ(γ) ∈ Λ0.
Finally, if we assume that [Λ : Λ0] = ∞, then we can find λ1, λ2, ... ∈ Λ such
that λi
−1λj /∈ Λ0 for all i 6= j. The above then implies that ν(λiB ∩ λjB) = ν(B ∩
λi
−1λjB) = 0 whenever i 6= j. Thus, since λiB ⊂ Y , for all i, we get that µ(Y ) ≥∑
i≥1 ν(λiB) =
∑
i≥1 ν(B) = +∞, a contradiction. 
Claim 3. Λ0y = Λy ∩ Y0, a.e. y ∈ Y0.
Proof of Claim 3. By the hypothesis and the fact that θ(A) = B, we deduce that
(4.d.) θ(Γx ∩ A) = Λθ(x) ∩B
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a.e. x ∈ Xa,n. On the other hand, if x, γx ∈ A ⊂ Xa,n, for some γ ∈ Γ, then γ ∈ Γa,n
and θ(γx) = θ˜(γx) = ψ(γ)θ˜(x) = ψ(γ)θ(x), thus θ(γx) ∈ Λ0θ(x). Altogether, we get
that
(4.e.) θ(Γx ∩A) ⊂ Λ0θ(x) ∩B
a.e. x ∈ A. Combining (4.d.) and (4.e.) we get that Λ0θ(x) ∩ B ⊃ Λθ(x) ∩ B, a.e.
x ∈ A, thus
(4.f.) Λ0y ∩B = Λy ∩B
a.e. y ∈ B. Next, note that by (4.b.) and Claim 1, the actions
Γa,n y (Xa,n, µ|Xa,n/µ(Xa,n)),Λ0 y (Y0, ν|Y0/ν(Y0)
are conjugate. In particular, the action of Λ0 on Y0 is ergodic.
Now, let y ∈ Y0. Since Λ0y ⊂ Λy ∩ Y0 (Y0 is Λ0-invariant), to prove the claim we
only need to show that if λ ∈ Λ is such that λy ∈ Y0, then λ ∈ Λ0. Since B ⊂ Y0 is
of positive measure and Λ0 acts ergodically on Y0 we can find λ1, λ2 ∈ Λ0 such that
λ1y, λ2(λy) ∈ B. This implies that (λ2λ)y ∈ Λ(λ1y) ∩ B and since λ1y ∈ B, relation
(4.f.) gives that we can find λ3 ∈ Λ0 such that (λ2λ)y = λ3(λ1y). Finally, the freeness
of the action of Λ on Y implies that λ2λ = λ3λ1, hence λ = λ2
−1λ3λ1 ∈ Λ0. 
We can now finalize the proof in the case t ≤ 1. Firstly, observe that by Claim
1, τ ′ = θ˜ ◦ θ−1 : (θ(Xa,n), ν|θ(Xa,n)) → (Y0, ν|Y0) is a probability space isomorphism
with the property that τ ′(y) ∈ Λy, a.e. y ∈ θ(Xa,n). Since Λ acts ergodically on
Y , we can find τ ∈ [Rβ ] such that τ ′ = τ|θ(Xa,n). Then by formula (4.b.) we get
that Y0 = (τ ◦ θ)(Xa,n) is a Λ0-invariant set and that τ ◦ θ|Xa,n conjugates the actions
Γa,n y Xa,n and Λ0 y Y0.
Secondly, notice that since Λ acts freely on Y , then by Claim 3 we get that ν(λY0 ∩
Y0) = 0 if λ 6∈ Λ0. On the other hand, since the action Λ y Y is ergodic, we
get that Y = ∪λ∈ΛλY0, a.e. By combining these two observations, it follows that if
λ1, .., λk ∈ Λ are such that Λ = ⊔ki=1λiΛ0, then Y is the disjoint union of λ1Y0, .., λkY0.
Thus ν(Y ) =
∑k
i=1 ν(λiY0) = [Λ : Λ0]ν(Y0), hence ν(Y0) = [Λ : Λ0]
−1. Also, by Claim
1, ν(Y0) = tµ(Xa,n) = t[Γ : Γa,n]
−1. Altogether, we get that t = [Λ : Λ0]
−1[Γ : Γa,n].
Using again the fact that Y is the disjoint union of λ1Y0, .., λkY0, it is easy to see
that the action Λy Y is obtained by inducing the action Λ0 y Y0 to Λ.
In the case t > 1, we first remark that if θ : X → Y is an orbit equivalence between
two equivalence relations R and S, then the restriction of θ to a set X0 ⊂ X of
measure s induces an orbit equivalence between R∩ (X0×X0) and Ss. Thus, if n ≥ 0
is such that |Xn| ≥ t, then the restriction of θ to Xa,n (for some a ∈ Xn) induces
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an orbit equivalence between RΓ ∩ (Xa,n × Xa,n) and Rt|Xn|
−1
Λ . On the other hand,
RΓ ∩ (Xa,n × Xa,n) is precisely the equivalence relation induced by the free ergodic
profinite action Γa,n y Xa,n. Note that this action trivially verifies the hypothesis of
Theorem 4.1. Since we also have that t|Xn|−1 ≤ 1, the first part of the proof gives the
conclusion in this case. 
§5. Applications.
We derive in this Section several consequences of Theorem 4.1. To start with, we give
a construction of a concrete uncountable family of non-orbit equivalent profinite actions
for SLn(Z) (n ≥ 3) as well as for its finite index subgroups. To this end, fix n ≥ 3
and a finite index subgroup Γ ⊂ SLn(Z) and remark that since SLn(Z) has property
(T), Γ also has property (T) ([K]). For every m ≥ 1, denote SLn(mZ) = ker(SLn(Z)→
SLn(Z/mZ)). Let I = {pk}k≥1 be an infinite increasing sequence of prime numbers.
For all k ≥ 1, define
ΓI,k = Γ ∩ SLn(p1p2..pkZ)
and let αI be the measure preserving profinite action Γy (XI , µI) := lim←−(Γ/ΓI,k, µk),
where µk is the counting probability measure on Γ/ΓI,k. Since ∩k≥1 SLn(p1p2..pkZ) =
{1}, we have that αI is free and ergodic. Next, we show that (essentially) different sets
of primes I1 and I2 give to non conjugate (not even ”virtually” conjugate) actions αI1
and αI2 . When combined with Theorem 4.1., this implies that the actions αI1 and αI2
are not stably orbit equivalent.
5.1. Proposition. Let I1 = {p1k}k≥1 and I2 = {p2k}k≥1 be two infinite sequences of
primes and let Γ1,Γ2 ⊂ Γ be two finite index subgroups. For j ∈ {1, 2}, let (Yj , νj) ⊂
(XIj , µIj ) be an ergodic component for the restriction of αIj to Γj. If the actions
Γ1 y (Y1, ν1) and Γ2 y (Y2, ν2) are conjugate, then |I1∆I2| <∞.
Proof. Assume that the actions Γ1 y (Y1, ν1) and Γ2 y (Y2, ν2) are conjugate. We
will prove that |I1 \ I2| < ∞. Similarly, it follows that |I2 \ I1| < ∞, thus giving the
conclusion. Note first that it is easy to see that for j ∈ {1, 2}, the action Γj y (Yj , νj)
is isomorphic to the action
Γj y lim←−Γj/[Γj ∩ SLn(pj1..pjkZ))].
Thus, by applying Lemma 1.8. we can find a group isomorphism δ : Γ1 → Γ2 and two
subsequences {nk}k, {Nk}k such that
(5.1.a.) δ(Γ1 ∩ SLn(p11..p1nkZ)) ⊂ Γ2 ∩ SLn(p21..p2NkZ), ∀k
Next, we need the following lemma, whose proof, although standard, we have included
below for completeness.
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5.2. Lemma. Let n ≥ 3 and Γ,Λ ⊂ SLn(Z) be two finite index subgroups. Assume
that δ : Γ → Λ is a group isomorphism. Then there exists an invertible matrix A ∈
Mn(Z) such that either (i) δ(γ) = AγA
−1, for all γ ∈ Γ, or (ii) δ(γ) = A(γ−1)tA−1,
for all γ ∈ Γ.
Going back to the proof of Proposition 5.1., apply Lemma 5.2. to the group isomor-
phism δ : Γ1 → Γ2. Thus, we can find A ∈Mn(Z) invertible such that, after eventually
replacing Γ1 with Γ
t
1 = {γt|γ ∈ Γ1}, we have that for all k
(5.1.b.) A[Γ1 ∩ SLn(p11..p1nkZ)]A−1 ⊂ Γ2 ∩ SLn(p21..p2NkZ)
Let l be the largest number such that p2l | detA. Then for all k > l we have that
(5.1.c.) A−1SLn(p
2
1..p
2
Nk
Z)A ∩ SLn(Z) ⊂ SLn(p2l+1..p2NkZ)
By combining (5.1.b.) and (5.1.c.) we deduce that
Γ1 ∩ SLn(p11..p1nkZ) ⊂ SLn(p2l+1..p2NkZ), ∀k > l.
This further gives that
(5.1.d.) [SLn(p
1
1..p
1
nk
Z) : (SLn(p
1
1..p
1
nk
Z) ∩ SLn(p2l+1..p2NkZ))] ≤
[SLn(p
1
1..p
1
nk
Z) : (SLn(p
1
1..p
1
nk
Z) ∩ Γ1)] ≤ [SLn(Z) : Γ1], ∀k > l.
Now, for every k > l, define Pk = {p11, .., p1nk} \ {p2l+1, .., p2Nk}. Then it is easy to see
that (5.1.d.) is equivalent to
(5.1.e.)
∏
p∈Pk
|SLn(Z/pZ)| ≤ [SLn(Z) : Γ1], ∀k > l
Since limp→∞ |SLn(Z/pZ)| = +∞, by using (5.1.e.), we get that we can find N ∈ N
such that
{p11, .., p1nk} \ {p2l+1, .., p2Nk} ⊂ {2, 3, .., N}, ∀k > l.
Finally, since I1 \ I2 ⊂ ∪k>l({p11, .., p1nk} \ {p2l+1, .., p2Nk}), we get that |I1 \ I2| <∞. 
Proof of Lemma 5.2. Since Γ and Λ are finite index subgroups of SLn(Z), they are
lattices in SLn(R). Also, since n ≥ 3, Mostow’s rigidity theorem (see [Z], for example)
implies that δ extends to an automorphism of SLn(R). Thus, we can find A ∈ SLn(R)
such that either (i) δ(γ) = AγA−1, for all γ ∈ SLn(R), or (ii) δ(γ) = A(γ−1)tA−1, for
all γ ∈ SLn(R). Next, if we denote Γ0 = {γ ∈ Γ|γt ∈ Γ}, then Γ0 ⊂ SLn(Z) is a finite
index subgroup and in any of the above cases we have that AΓ0A
−1 ⊂ SLn(Z).
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Since any finite index subgroup of SLn(Z) (n ≥ 3) is a congruence subgroup, we can
find m ≥ 1 such that SLn(mZ) ⊂ Γ0. In particular, we get that Aei,jA−1 ∈ Mn(Q),
for all i 6= j, where ei,j denotes the elementary matrix (ei,j)k,l = δ(i,j),(k,l). Thus,
if A = (ai,j)1≤i,j≤n and A
−1 = (bi,j)1≤i,j≤n, then we deduce that ak,ibj,l ∈ Q, for
all 1 ≤ i, j, k, l ≤ n with i 6= j. Let l1, l2, k3 such that bj,lj 6= 0, for j ∈ {1, 2} and
ak3,3 6= 0. Thus, ak,i ∈ Qb−11,l1 , for all 1 ≤ k, i ≤ n with i 6= 1 and ak,i ∈ Qb−12,l2 , for all
1 ≤ k, i ≤ n with i 6= 2. Since we also have that ak3,3b1,l1 , ak3,3b2,l2 ∈ Q and ak3,3 6= 0,
we deduce that Qb−11,l1 = Qb
−1
2,l2
. Altogether, it follows that we can find b 6= 0 such that
ak,i ∈ Qb−1, for all 1 ≤ k, i ≤ n, hence by replacing A with bA we can assume that
A = (ai,j)1≤i,j≤n ∈ SL(n,Q). Finally, let s ∈ N such that sai,j ∈ Z, for all 1 ≤ i, j ≤ n
and replace A with sA. 
Recall that two ergodic actions Γy (X, µ) and Λy (Y, ν) are called stable orbit
equivalent if there exists an orbit equivalence θ : RΓ → RtΛ, for some t > 0. In the
case t = 1, we say that these actions are orbit equivalent.
5.3. Corollary. Let n ≥ 3 and let Γ ⊂ SLn(Z) be a finite index subgroup. Let I1, I2
be two infinite increasing sequences of prime numbers such that |I1∆I2| = ∞. Then
the actions αI1 and αI2 are not stable orbit equivalent. In particular, if {It}t∈R is a
family of infinite increasing sequences of prime numbers such that |Is∆It| =∞, for all
s 6= t, then {αIt}t∈R is an uncountable family of non stable orbit equivalent profinite
actions of Γ.
Proof. Assume that the actions αI1 and αI2 are stable orbit equivalent. Note that
αI1 is an ergodic, profinite action of a property (T) group ([K]). Thus, Theorem 4.1.
implies that we can find two finite index subgroups Γ1,Γ2 ⊂ Γ and ergodic components
Yj ⊂ XIj for Γj , for all j ∈ {1, 2}, such that the actions Γ1 y Y1 and Γ2 y Y2 are
conjugate. Proposition 5.1. then gives that |I1∆I2| <∞. 
5.4. Remarks. (1). Note that the first construction of an uncountable family of non
stable orbit equivalent profinite actions for SLn(Z) was obtained by S.L. Gefter and
V.Y. Golodets ([GG]) as a consequence of Zimmer’s cocycle superrigidity result ([Z]).
Later on, S. Thomas proved that the actions from [GG] moreover produce equivalence
relations which are incomparable with respect to Borel reducibility ([T]).
(2). Recently, N. Ozawa and S. Popa showed that the Corollary 5.3. also holds true
n = 2, i.e. every finite index subgroup Γ of SL2(Z) (e.g. Γ = Fm, 2 ≤ m <∞) admits
uncountably many non orbit equivalent profinite actions ([OP]).
Next, we indicate how to construct non orbit equivalent profinite actions for the
groups SLn(Z)⋉Z
n (n ≥ 2). To do this, we first introduce a new isomorphism invariant
for measurable equivalence relations. Note that in [P5], S. Popa studied a related
version of this invariant for actions of countable groups on the hyperfinite II1 factor.
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5.5. Definition. Let R be a countable ergodic measure preserving equivalence rela-
tion. Then we let S(R) be the set of t > 0 such that Rt is induced by a free ergodic
measure preserving action of a countable group.
5.6. Remarks. (0). We gather in this remark a few elementary properties of the
S-invariant. By definition, we have that S(Rt) = S(R)/t, for all t > 0. Moreover, if
t ∈ S(R) and n ≥ 1 is an integer, then nt ∈ S(R). Indeed, let R be an equivalence
relation induced by a free ergodic measure preserving action Γ y (X, µ). Then Rn
can be realized as the equivalence relation induced by the product action Γ × Zn y
(X × Zn, µ × c), where c is the normalized counting probability measure on Zn and
Zn acts on itself by group multiplication. Also, note that if F(R) = {t > 0|Rt ≃ R}
denotes the fundamental group of R and if t ∈ S(R), then tF(R) ⊂ S(R). Finally, if
R is an ergodic hyperfinite equivalence relation, then S(R) = R∗+
(1). Feldman and Moore asked whether every countable ergodic measure preserving
equivalence relation is induced by a free action of a countable group ([FM]). This
question was answered in the negative by A. Furman, who showed that if n ≥ 3, then
the equivalence relation R induced by the action SLn(Z) y Tn satisfies S(R) ⊂ Q∗+
([Fu2]).
(2). More examples of such equivalence relations arise from the work of S. Popa who
showed that the equivalence relation R induced by a Bernoulli action of a property
(T) group or of a product of two groups, one infinite and one non-amenable, satisfies
S(R) = N∗ ([P2,3]). Even more surprising, there are equivalence relations R such that
S(R) = ∅ ([Fu2],[P2]).
The following result is a direct consequence of Theorem 4.1.
5.7. Corollary. Let Γ yα X be as in Theorem A and let RΓ be the equivalence
relation induced by α. Suppose that α is the limit of the actions Γ yαn Xn, with Xn
finite. Then S(RΓ) = {m/|Xn||m,n ≥ 1} ⊂ Q∗+.
Proof. Let t ∈ S(RΓ). Thus there exists a free ergodic measure preserving action
of a countable group Λ such that RtΓ = RΛ. By applying Theorem 4.1., we get that
t = [Λ : Λ0]/|Xn|, for some n and some finite index subgroup Λ0 of Λ. This shows that
S(RΓ) ⊂ {m/|Xn||m,n ≥ 1}. For the other inclusion, note that by Remark 5.6.(0). we
only need to show that 1/|Xn| ∈ S(RΓ), for all n. This is clear, since for any a ∈ Xn,
the restriction of RΓ to Xa,n (which has measure 1/|Xn|) is induced by the action
Γa,n y Xa,n. 
It is natural to ask to characterize the subsets of R∗+ which can appear as the S-
invariant of a measurable equivalence relation R. Next, we specialize Corollary 5.7. to
some concrete actions of SLn(Z)⋉Z
n (n ≥ 2) and deduce that the invariant S(R) can
equal Q∗+ as well as many interesting arithmetic sets.
Fix n ≥ 2. Let J = {di}i≥1 be a set of integers such that di < di+1 and di|di+1
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(equivalently, such that di+1Z ( diZ), for all i ≥ 1. Notice that, for every i ≥ 1, the
subgroup (diZ)
n of Zn is left invariant by the action of SLn(Z). Thus, following 1.6. we
can construct an ergodic profinite action SLn(Z)⋉ Z
n yβJ lim←−(Z/diZ)n. This action
is also free. Indeed, we have that ∩i(diZ)n = {0}. Also, if A ∈ SLn(Z) \ {I}, then
{x ∈ Zn|Ax = x} is an infinite index subgroup of Zn and thus Lemma 1.7. implies
that βJ is free.
Moreover, for any set J as above, the action βJ satisfies the assumptions of Theorem
5.7. This is true since for all n ≥ 2, the pair (SLn(Z) ⋉ Zn,Zn) has relative property
(T) ([K]), SLn(Z) is finitely generated and the restriction βJ |Zn is ergodic.
5.8. Corollary. Let J be a set of integers as above and denote by RJ the equivalence
relation induced by βJ . Then S(RJ ) = {k/dni |k, i ≥ 1}. In particular, S(RJ ) = Q∗+
for some set J . Also, if J1 = {d1i }i≥1 and J2 = {d2i }i≥1 are two sets as above such
that there exists i with either d2i 6 |d1j , for all j, or d1i 6 |d2j , for all j, then the profinite
actions βJ1 and βJ2 are not orbit equivalent.
Note that Remark 5.5. and Corollary 5.6. provide several examples of actions Γy X
of property (T) groups Γ such that S(RΓ) is countable. We prove below that this is
in fact true for any property (T) group Γ, regardless of the action Γy X . The proof
we give is obtained by assembling together ideas from Section 4 in [P4]. We refer the
reader to Section 5 in [P6] for the definition of property (T) for equivalence relations.
5.9. Theorem. Let R be a countable ergodic measure preserving equivalence relation
on a standard probability space (X, µ). If R has property (T), then S(R) is countable.
Proof. If t ∈ S(R), let Γ be a countable group such that Rt is induced by a free
action of Γ. Since R has property (T), Rt has property (T), hence Γ has property (T)
([Fu1]). Also, recall that by a theorem of Y. Shalom ([Sh2]), any property (T) group
is the quotient of a finitely presented, property (T) group.
Assume by contradiction that S(R) is uncountable. Using the preceding discussion
we deduce that there exists a property (T) group Γ such that the set S of t > 0
for which Rt is induced by a free action of a quotient of Γ is uncountable. Since
S is uncountable, after eventually replacing R with an amplification of it, we can
assume that S ∩ (3/4, 1) is uncountable. Let {Xt}t∈[0,1] be measurable sets such that
Xt ⊂ Xt′ ⊂ X and µ(Xt) = t for all 0 ≤ t ≤ t′ ≤ 1. For every t ∈ S let αt be the
action of Γ on Xt (through one of its quotients) such that
R∩ (Xt ×Xt) = {(x, αt(γ)(x)|x ∈ Xt, γ ∈ Γ}.
Extend αt to X by letting Γ act identically on X \ Xt. Next, endow R with the
measure µ˜(C) =
∫
X
|{y|(x, y) ∈ C}|dµ(x), for any Borel subset C of R ([FM]). For
every t, t′ ∈ S ∩ (0, 1] let pit,t′ : Γ→ U(L2(R, µ˜)) be the unitary representation defined
by
pit,t′(γ)(f)(x, y) = f(αt(γ
−1)(x), αt′(γ
−1)(y)),
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for all γ ∈ Γ, f ∈ L2(R, µ˜), (x, y) ∈ R.
Using the property (T) of Γ as in Section 2 of [Hj], we can find t, t′ ∈ S∩(3/4, 1) such
that t < t′ and pit,t′ admits an invariant vector f ∈ L2(R, µ˜) with ||f − 1∆||L2(R,µ˜) <
1/4, where ∆ = {(x, x)|x ∈ X}. Set
A := {x ∈ X |∃!y = φ(x) ∈ X, |f(x, y)| > 1/2},
then, since f is pit,t′-invariant, A is αt(Γ)-invariant. If
A0 := {x ∈ X ||f(x, x)− 1|2 +
∑
yRx,y 6=x
|f(x, y)|2 < 1/4},
then A0 ⊂ A and µ(X \ A0)/4 ≤ ||f − 1∆||2L2(R,µ˜) < 1/16. Altogether, we get that
µ(A) > 3/4. Since the restriction of αt to Xt is ergodic and µ(Xt) > 1/2 we deduce
that Xt ⊂ A.
Now, let B = φ(Xt) = {y ∈ X |∃x ∈ Xt, |f(x, y)| > 1/2}, then µ(B) ≤ µ(Xt).
Proceeding as above, if we denote B0 := {y ∈ X ||f(y, y)− 1|2 +
∑
yRx,y 6=x |f(x, y)|2 ≤
1/4}, then µ(B0) > 3/4 and since B0 ∩Xt ⊂ B, we deduce that µ(B) > µ(Xt)− 1/4 >
1/2. Moreover, since B is αt′(Γ)-invariant and since the restriction of αt′ to Xt′ is
ergodic, we get that Xt′ ⊂ B. Thus, µ(B) ≥ µ(Xt′) a contradiction to µ(B) ≤ µ(Xt).

§6. Compact and weakly compact actions.
The aim of this Section is to investigate N. Ozawa and S. Popa’s recent notion of weak
compactness for actions ([OP]) and its relation with the classical notion of compactness
for actions. Thus, we show that any compact action is weakly compact, that weak
compactness is an orbit equivalence invariant property and that weak compactness
passes to quotients. Note that these facts have been obtained independently in [OP]
(see Propositions 3.2. and 3.4.) As a corollary, it follows that if σ is a compact action
(e.g. profinite) and α is an action which is orbit equivalent to σ, then any quotient β
of α does not have stable spectral gap, in the sense on [P3]. This extends the main
result of [ET] in the case of orbit equivalence. We end the Section by giving a new
characterization of compact actions, in terms of the von Neumann algebras associated
(Theorem 6.9.).
6.1. Compact actions. An ergodic measure preserving action Γyσ (X, µ) is called
compact (or isometric) if one of the following equivalent conditions holds true (see
[G] for a reference):
(i) The closure of Γ in Aut(X, µ) is compact.
(ii) The induced unitary representation pi : Γ→ U(L2(X, µ)) decomposes as a direct
sum of finite dimensional representations.
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(iii) σ is of the form Γy (K/L, m˜) and is defined by γ(kL) = α(γ)kL, where K is
a compact group, L ⊂ K is a closed subgroup, m˜ is the projection of the Haar measure
m of K onto K/L and α : Γ→ K is a homomorphism with a dense image.
Note that every ergodic profinite action is compact. Indeed, if an action Γ y X is
the limit of actions Γy Xn, with Xn finite, then the unitary representation Γy L
2X
is the direct sum of the finite dimensional representations Γy L2Xn ⊖ L2Xn−1.
Next, we introduce some new notation, that we will maintain throughout this section.
If Γyσ (X, µ) is a measure preserving action, then we denote by Γyσ˜ (X×X, µ×µ)
the double action σ˜ = σ × σ. Also, we denote by τ : L1(X, µ) → C the integral
with respect to µ. Then τ ⊗ id : L1(X ×X, µ × µ) → L1(X, µ) (respectively id ⊗ τ :
L1(X × X, µ × µ) → L1(X, µ)) are the conditional expectations onto 1 ⊗ L1(X, µ)
(respectively onto L1(X, µ)⊗ 1). Finally, for every measurable set A ⊂ X , we denote
A˜ = A× (X \A) ⊂ X ×X .
6.2. Weakly compact actions. An ergodic measure preserving action Γyσ (X, µ)
is called weakly compact ([OP]) if there exist a sequence {ηn}n≥1 ∈ L1(X×X, µ×µ)
of positive vectors with ||ηn||1 = 1 such that
(i) limn→∞ ||1A˜ηn||1 = 0, for every measurable set A ⊂ X .
(ii) limn→∞ ||ηn − ηn ◦ σ˜(γ)||1 = 0, for all γ ∈ Γ.
(iii) (τ ⊗ id)(ηn) = (id⊗ τ)(ηn) = 1, for all n ≥ 1.
The class of weakly compact actions has been introduced by N. Ozawa and S. Popa
in the course to establishing the following remarkable result: if Fm y
σ (X, µ) is a free
ergodic profinite action of a free group Fm, 2 ≤ m ≤ ∞, then L∞(X, µ) is the unique
Cartan subalgebra of the crossed product von Neumann algebra L∞(X, µ)⋊σ Fm, up
to unitary conjugacy ([OP]).
6.3. Proposition. An ergodic measure preserving action Γ yσ (X, µ) is compact iff
there exist a sequence {ηn}n≥1 ∈ L1(X ×X, µ× µ) of σ˜(Γ)-invariant, positive vectors
satisfying ||ηn||1 = 1, for all n, and limn→∞ ||1A˜ηn||1 = 0, for every measurable set
A ⊂ X. In particular, any compact action is weakly compact.
Proof. (=⇒) Assume first that σ is compact. Thus, using 6.1.(ii), we can identify
(X, µ) = (K/L, m˜) where Γ acts on K/L via a homomorphism α : Γ → K. Let d
be a metric on K/L which is invariant under the left K-action. For every n, define
An = {(x, y) ∈ X ×X |d(x, y) < 1/n}. Then (µ× µ)(An) > 0 and it is routine to check
that the vectors ηn = 1An/(µ× µ)(An) verify the desired conditions.
(⇐=) Conversely, assume that there exist vectors ηn ∈ L1(X ×X, µ× µ) satisfying
the hypothesis and suppose by contradiction that σ is not a compact action. Let Γyα
(Y, µ) be the maximal compact quotient of σ with the quotient map p : (X, µ)→ (Y, ν).
If we denote by pi : Γ → U(L2(X, µ)) the unitary representation induced by σ, then
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L2(Y, ν) (viewed as a Hilbert subspace of L2(X, µ), via p) is precisely the closure of
the union of all finite dimensional, pi(Γ)-invariant Hilbert subspaces of L2(X, µ). This
implies (by using the standard identification of L2(X × X, µ × µ) with the Hilbert-
Schmidt operators on L2(X, µ)) that if η ∈ L2(X×X, µ×µ) is a σ˜(Γ)-invariant vector,
then η ∈ L2(Y × Y, ν × ν) ([G]). In particular, we derive that ηn ∈ L1(Y × Y, ν × ν),
for all n.
Next, denote by E : L∞(X, µ) → L∞(Y, ν) and by E˜ : L∞(X × X, µ × µ) →
L∞(Y ×Y, ν×ν) the conditional expectations onto L∞(Y, ν) and onto L∞(Y ×Y, ν×ν),
respectively. We claim that there exists a measurable set A ⊂ X such that E˜(1A˜) ≥
(1/6)1Y×Y . Indeed, since σ is ergodic, by Rokhlin’s skew product theorem ([G]) we can
decompose (X, µ) = (Y, ν)× (Z, ρ), where either Z = [0, 1] and ρ is the Lebesgue mea-
sure or Z = {1, 2, .., n} and ρ = 1/n∑ni=1 δi, for some n ≥ 2 (here we use the fact that
X 6= Y ). In the first case, if we let A = Y × [0, 1/2], then E(1A) = E(1X\A) = (1/2)1Y .
In the second case, if we let A = Y ×{1, .., [n/2]}, then E(1A) = ([n/2]/n)1Y ≥ (1/3)1Y
and E(1X\A) = (1 − [n/2]/n)1Y ≥ (1/2)1Y . Finally, since E˜(1A˜) = E(1A)E(1X\A),
we obtain the claim in both cases.
To end the proof, just note that the above imply that
||1A˜ηn||1 =
∫
X×X
1A˜ηnd(µ× µ) =
∫
Y×Y
E˜(1A˜)ηnd(ν × ν) ≥
(1/6)
∫
Y×Y
ηnd(ν × ν) = (1/6)||ηn||1 = 1/6, ∀n,
in contradiction with our assumption. 
6.4. Remark. We next show (Theorem 6.6.) that the class of weakly compact actions
is closed under orbit equivalence (see also [OP]). Note that this is not true for the class
of compact actions. To see this, recall that by Dye’s theorem ([Dy]) the profinite (hence
compact) action Z y lim←−Z/2nZ is orbit equivalent to the weakly mixing (hence not
compact) Bernoulli action Z y [0, 1]Z.
However, if we restrict to compact actions Γ yσ (X, µ) of property (T) groups
Γ, then this class is closed under orbit equivalence. Indeed, if Λ yα (Y, ν) is a free
ergodic measure preserving action which is orbit equivalent to σ, then by [Fu1], Λ
has property (T), while by Theorem 6.6. below, α is weakly compact. Let ηn ∈
L1(Y × Y, ν × ν) be vectors satisfying Definition 6.2. Then η1/2n ∈ L2(Y × Y, ν × ν)
forms a sequence of almost invariant vectors for the unitary representation induced by
α˜. Since Λ has property (T), we can find a sequence of α˜-invariant unit vectors ξn
such that limn→∞ ||η1/2n − ξn||2 = 0. Thus, if we denote η′n = ξ2n, for all n, then η′n is a
α˜-invariant positive vector with ||η′n||1 = 1 and limn→∞ ||ηn− η′n||1 = 0. In particular,
since limn→∞ ||1A˜ηn||1 = 0, we get that limn→∞ ||1A˜η′n||1 = 0, for every measurable
set A ⊂ X . Proposition 6.3. then implies that α is an isometric action.
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Note that A. Furman proved that in fact compact actions of property (T) groups
are OE superrigid , i.e., in the above context, α must be (virtually) conjugate to σ
(personal communication).
6.5. Lemma. Let Γ yσ (X, µ) be a weakly compact action and let ηn ∈ L1(X ×
X, µ× µ) be a sequence of vectors satisfying the conditions of Definition 6.2. Let φ ∈
Aut(X, µ) such that φ(x) ∈ Γx, a.e. x ∈ X (i.e. φ ∈ [RΓ]), and denote φ˜ = φ × φ ∈
Aut(X ×X, µ× µ). Then limn→∞ ||ηn − ηn ◦ φ˜||1 = 0.
Proof. Fix an enumeration {γ1, γ2, ...} of Γ. For every i, k ≥ 1, let Ai = {x ∈
X |φ(x) = γi−1x}, Sk = ∪ki=1(Ai × Ai) and Xk = X \ (∪ki=1Ai). Then for all n and k
we have that
(6.5.a.) ||ηn − 1Skηn||1 ≤
∑
1≤i6=j≤k
||1Ai×Ajηn||1 + ||1X×Xkηn||1 + ||1Xk×Xηn||1
Now, condition 6.2.(iii) implies that ||1X×Xkηn||1 = ||1Xk×Xηn||1 = µ(Xk), for all k.
Also, for all i 6= j, we have that ||1Ai×Ajηn||1 ≤ ||1A˜iηn||1, thus by condition 6.2.(i),
we get that limn→∞ ||1Ai×Ajηn||1 = 0. By combining these facts with (6.5.a.) we get
that
(6.5.b.) lim sup
n→∞
||ηn − 1Skηn||1 ≤ 2µ(Xk), ∀k
Next, for all n and k, by triangle’s inequality we get that
(6.5.c.) ||ηn − ηn ◦ φ˜||1 ≤ 2||ηn − 1Skηn||1 + ||1Skηn − 1Skηn ◦ φ˜||1 ≤
2||ηn − 1Skηn||1 +
k∑
i=1
||ηn − ηn ◦ σ˜(γi)||1.
Since by condition 6.2.(ii). we have that limn→∞ ||ηn − ηn ◦ σ˜(γi)||1 = 0, for all i, by
using (6.5.b.) and (6.5.c.) together we derive that lim supn→∞ ||ηn−ηn◦φ˜||1 ≤ 4µ(Xk),
for all k. Finally, since µ(Xk)→ 0, as k →∞, we get the conclusion. 
6.6. Theorem. Let Γ yσ (X, µ) be a weakly compact action and let Λ yα (Y, ν),
Γyβ (Z, ρ) be two measure preserving actions.
(i) If α is orbit equivalent to σ, then α is weakly compact.
(ii) If β is a quotient of σ, then β is weakly compact.
Proof. (i). This is an immediate consequence of Lemma 6.5.
(ii). Let ηn ∈ L1(X ×X, µ × µ) satisfying Definition 6.2. Let p : (X, µ) → (Z, ρ)
be a Γ-equivariant quotient map and let E : L1(X × X, µ × µ) → L1(Z × Z, ρ × ρ)
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be the conditional expectation. Then E is integral preserving, thus ξn := E(ηn) ∈
L1(Y × Y, ν × ν) is a positive vector with ||ξn||1 = 1, for all n. Also, we have that
||E(η)||1 ≤ ||η||1 and E(γη) = γE(η), for all η ∈ L1(X ×X, µ × µ) and every γ ∈ Γ.
Thus
||ξn − ξn ◦ β˜(γ)||1 = ||E(ηn − ηn ◦ σ˜(γ))||1 ≤ ||ηn − ηn ◦ σ˜(γ)||1,
hence the ξn’s verify condition 6.2.(ii). Moreover, if A ⊂ Y is a measurable set, then
||1A˜ξn||1 = ||E(1 ˜p−1(A)ηn)||1 ≤ ||1 ˜p−1(A)ηn||1,
thus the ξn’s also verify condition 6.2.(i). Since condition 6.2.(iii). is clearly verified,
we deduce that β is weakly compact. 
Let Γyσ (X, µ) be a measure preserving action and denote by pi the induced unitary
representation of Γ on L2(X, µ) and by pi0 its restriction to L
2(X, µ)⊖ C1. Then we
say that σ has stable spectral gap if the representation pi0 ⊗ pi0 does not weakly
contain the trivial representation (see Section 3 in [P3]).
6.7. Proposition. Any weakly compact action Γyσ (X, µ) on a standard probability
space X does not have stable spectral gap.
Proof. Let ηn ∈ L1(X ×X, µ×µ) be a sequence of vectors satisfying Definition 6.2.
Then ξn = η
1/2
n ∈ L2(X ×X, µ× µ) = L2(X, µ)⊗L2(X, µ) form a sequence of almost
invariant unit vectors for pi ⊗ pi. Also ξn verify
(6.7.a.) lim
n→∞
||1A˜ξn||2 = 0
for any measurable set A ⊂ X . For all n, denote by ξ0n (resp. ξ1n and ξ2n) the orthogonal
projection of ξn onto the Hilbert space (L
2(X, µ)⊖ C1)⊗(L2(X, µ)⊖ C1) (resp. onto
L2(X, µ)⊗1 and onto 1⊗(L2(X, µ)⊖C1)). Then ξ0n form a sequence of almost invariant
vectors for pi0 ⊗ pi0. Thus, to prove the proposition it suffices to show that ||ξ0n||2 9 0
as n→∞.
Now, fix k ≥ 1 and let {A1, A2, .., Ak} be a measurable partition of X such that
µ(Ai) = 1/k, for all i ∈ {1, .., k}. Then (6.7.a.) easily implies that limn→∞ ||ξn −
(
∑k
i=1 1Ai×Ai)ξn||2 = 0, thus
(6.7.b.) lim
n→∞
||(
k∑
i=1
1Ai×Ai)ξn||2 = 1
Also, it is easy to check that if j ∈ {1, 2}, then
(6.7.c.) ||(
k∑
i=1
1Ai×Ai)ξ
j
n||2 =
√
1/k||ξjn||2
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Since ξn = ξ
0
n + ξ
1
n + ξ
2
n, for all n, by combining (6.7.b.) and (6.7.c.) we get that
lim supn→∞ ||ξ0n||2 ≥ lim supn→∞ ||(
∑k
i=1 1Ai×Ai)ξ
0
n||2 ≥ 1− 2
√
1/k. In particular, for
k = 5, we get that lim supn→∞ ||ξ0n||2 ≥ 1− 2/
√
5 > 0. 
To give some context for the next result, let Λ yα Y = Z × V be a skew product
action, i.e. an action given by λ(z, v) = (λz, w(λ, z)v), for an action Λ yβ Z and a
cocycle w : Λ× Z → Aut(V ). Then the main result of [ET] says that if Γ yσ X is a
profinite action such that there exists a countable-to-one Borel map θ : X → Y with
θ(RΓ) ⊂ RΛ and if the image of w in Aut(V ) is countable, then β does not have stable
spectral gap. We note below that if we assume that θ is in fact an orbit equivalence
between RΓ and RΛ, then we ca generalize the above result ([ET]), by removing the
countability assumption on w.
6.8. Corollary. Let Γ yσ (X, µ) be an ergodic compact action. Assume that Λ yα
(Y, ν) is an action which is orbit equivalent to σ and that Λyβ (Z, ρ) is a quotient of
α. Then β does not have stable spectral gap.
Proof. Just combine 6.6. and 6.7.
We conclude this Section by giving a characterization of compact actions in the
language of von Neumann algebras. Let us first recall a few notions (see [P6] for all
this). Let (N, τ) be a separable finite von Neumann algebra together with a normal,
faithful trace τ . Endow N with the Hilbert norm ||x||2 = τ(x∗x)1/2, for all x ∈ N ,
and let L2N be the completion of N with respect to this norm. Let B ⊂ N be
a von Neumann subalgebra. The quasi-normalizer of B in N , denoted qNN (B),
is the set of x ∈ N for which there exist x1, x2, .., xn ∈ N satisfying xB ⊂
∑
Bxi
and Bx ⊂ ∑xiB (see 1.4.2. in [P6]). Then qNN (B) forms a ∗-algebra and the von
Neumann algebra it generates, qNN (B)′′, is a von Neumann subalgebra of N which
contains B. If qNN (B)′′ = N , then we say that B is quasi-regular in N ([P6]).
Also, we denote by EB : N → B the conditional expectation onto B and by eB :
L2N → L2B the orthogonal projection onto L2B. Then Jones’ basic construction
for the inclusion B ⊂ N is denoted by < N, eB > and is defined as the von Neumann
algebra generated by N and eB inside B(L
2N). Note that < N, eB > is endowed with
a natural semifinite trace given by Tr(xeBy) = τ(xy), for all x, y ∈ N .
Next, recall that N has property (H) (Haagerup) relative to B (see definition
2.1. in [P6]) if there exists a sequence of normal, B-bimodular, completely positive
maps Φn : N → N such that τ ◦Φn ≤ τ , limn→∞ ||Φn(z)− z||2 = 0, for all z ∈ N , and
Φn is ”compact relative to B”: for every ε > 0, there exists a projection P ∈< N, eB >
of finite trace such that the bounded operator TΦn ∈ B(L2N) given by TΦn(x) = Φn(x),
for all x ∈ N , satisfies ||TΦn(1 − P )|| ≤ ε. For example, in the case N decomposes
as a crossed product B ⋊σ Γ, for an action σ : Γ → Aut(B, τ) of a countable group
Γ, we have that N has property (H) relative to B iff Γ has Haagerup’s property (see
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Proposition 3.1. in [P6]). Also, note that in the case B = N relative property (H)
amounts to property (H) of the single algebra N (see 2.0.2. in [P6]).
Finally, recall that to every measure preserving action Γ yσ (X, µ) one associates
the crossed product von Neumann algebra L∞X⋊σ Γ ([MvN]). Roughly speaking, this
algebra is generated by a copy of L∞(X, µ) and a copy of Γ = {uγ}γ∈Γ subject to the
relations uγfu
∗
γ = f ◦ σ(γ−1), for all γ ∈ Γ and f ∈ L∞X . Note that L∞X ⋊σ Γ is a
finite von Neumann algebra with the trace τ given by τ(
∑
γ fγuγ) =
∫
X
fedµ and that
the von Neumann subalgebra generated by {uγ |γ ∈ Γ} is isomorphic to the group von
Neumann algebra LΓ.
6.9. Theorem. let Γ yσ (X, µ) be an ergodic measure preserving action. Then the
following are equivalent
(a) σ is compact.
(b) L∞X ⋊σ Γ has property H relative to LΓ.
(c) LΓ is quasi-regular in L∞X ⋊σ Γ.
Proof. (a) =⇒ (b) Assume that σ is compact. Then, as in the proof of 6.3., we
identify σ with the action Γy K/L, we let d be a K-invariant metric on K/L and we
set An = {(x, y) ∈ X ×X |d(x, y) < 1/n}, ηn = 1An/(µ × µ)(An), for all n ≥ 1. For
every n, let φn : L
∞X → L∞X be given by
φn(f)(x) =
∫
X
ηn(x, y)f(y)dµ(y), ∀f ∈ L∞X, x ∈ X.
Then φn is a completely positive (since φn is positive and L
∞X is abelian), unital,
integral preserving map which commutes with σ. Thus, φn extends to a LΓ-bimodular
unital completely positive map Φn : L
∞X ⋊σ Γ → L∞X ⋊σ Γ through the formula
Φn(
∑
γ fγuγ) =
∑
γ φn(fγ)uγ, where fγ ∈ L∞X , for all γ ∈ Γ.
Next, we claim that limn→∞ ||Φn(z)−z||2 = 0, for all z ∈ L∞X⋊Γ, or, equivalently,
that limn→∞ ||φn(f)−f ||2 = 0, for every f ∈ L∞X . By approximating f (in ||.||2) with
continuous functions, it suffices to show that if g ∈ C(X), then limn→∞ ||φn(g)−g||∞ =
0. This in turn follows by using the fact that g is uniformly continuous together with
the following estimate
||φn(g)− g||∞ = sup
x∈X
|
∫
X
ηn(x, y)(g(y)− g(x))dµ(y)| ≤ sup
d(x,y)<1/n
|g(y)− g(x)|.
Finally, to get the conclusion, we only need to show that the Φn’s are compact
relative to LΓ. For this, fix n ≥ 1 and ε > 0. Next, denote N = L∞X ⋊Γ and identify
the Hilbert space L2N with L2X⊗l2Γ, in the natural way. Then, in this identification,
we have that (< N, eLΓ >, Tr) = (B(L
2X)⊗LΓ, tr ⊗ τ), where tr is the natural trace
on B(L2X), and TΦn = Tφn ⊗ 1. Since Tφn ∈ B(L2X) is a compact operator (being
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Hilbert-Schmidt by definition) we can find a finite dimensional projection p ∈ B(L2X)
such that ||Tφn(1 − p)|| ≤ ε. Thus, if we let P = p ⊗ 1, then P has finite trace and
||TΦn(1− P )|| = ||Tφn(1− p)|| ≤ ε.
(b) =⇒ (c) This is a consequence of Proposition 3.4. in [P6].
(c) =⇒ (a) This implication follows from Proposition 6.10. below. 
Before proceeding to the last result of this Section, let us observe an immediate
corollary of Theorem 6.9.: if Γ yσ (X, µ) is a compact action of a group Γ with
Haagerup’s property then L∞X ⋊σ Γ has Haggerup’s property. Assuming that Γ has
Haagerup’s property, let ψn : Γ → C be a sequence of positive definite functions such
that limn→∞ ψn(γ) = 1, for all γ ∈ Γ, ψn(e) = 1 and limγ→∞ ψn(γ) = 0, for all
n. Then, in the notation of the above proof, it is easy to check that χn(
∑
γ fγuγ) =∑
γ ψn(γ)φn(fγ)uγ defines a sequence of unital completely positive compact maps on
L∞X ⋊σ Γ which satisfy limn→ ||χn(z)− z||2 = 0, for all z ∈ L∞X ⋊σ Γ. In particular,
this observation gives a different proof of Corollary 3.5. in [Jo2].
Note that the next proposition has been obtained in [NS] under the assumption that
Γ is abelian.
6.10. Proposition. Let Γyσ (X, µ) be an ergodic measure preserving action. Denote
by M = L∞X ⋊σ Γ the crossed product von Neumann algebra associated to σ and by
LΓ the von Neumann subalgebra generated by the canonical unitaries {uγ |γ ∈ Γ}. Let
Γyα (Y, ν) be the maximal compact quotient of σ.
Then qNM (LΓ)′′ = L∞Y ⋊α Γ. In particular, σ is compact iff LΓ is quasi-regular
in M and σ is weakly mixing iff qNM (LΓ) = LΓ.
Proof. Let a ∈ L∞Y such that the linear span H of {γa|γ ∈ Γ} is finite dimensional.
Since aLΓ ⊂ LΓH and LΓa ⊂ HLΓ, we get that a ∈ qNM (LΓ). As the set of such a’s
in ||.||2-dense in L∞Y (α is compact), we deduce that L∞Y ⊂ qNM (LΓ)′′. Since we
also have that LΓ ⊂ qNM (LΓ), altogether we get that L∞Y ⋊α Γ ⊂ qNM (LΓ)′′.
Now, if x ∈ qNM (LΓ), then EL∞Y⋊αΓ(x) ∈ qNM (LΓ). Thus, in order to derive
the reverse inclusion it suffices to show that if x ∈ M satisfies x ⊥ L∞Y ⋊α Γ and
LΓx ⊂ ∑ni=1 xiLΓ, for some x1, x2, .., xn ∈M , then x = 0. Note that the proof of this
fact is based on an argument due to S. Popa (see section 3 in [P7] and the proofs of
1.1. in [IPP] and 2.10. in [P7]).
For every ε > 0, let fε(t) = 1(ε,+∞)(t)t
−1/2 and define xε = xfε(ELΓ(x
∗x)). Then
for all ε > 0 we have that LΓxε ⊂
∑
xiLΓ, xε ⊥ L∞Y ⋊α Γ and ELΓ(x∗εxε) is
a projection. Moreover, if xε = 0, for all ε > 0, then x = 0. From all this we
deduce that we can assume that q := ELΓ(x
∗x) is a projection, or, equivalently, that
the orthogonal projection onto the closure of xLΓ equals xeLΓx
∗. Denote by p the
orthogonal projection onto the closure of LΓxLΓ. Then we have that p ∈< M, eLΓ >,
Tr(p) <∞, p ≤ 1− eLΓ and qγ := uγxeLΓx∗u∗γ ≤ p, for all γ ∈ Γ.
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Now, let {1 = η0, η1, .., ηn, ..} ⊂ M be an orthonormal basis of M over LΓ and for
all n ≥ 1, denote fn =
∑n
i=1 ηieLΓηi
∗. Using the Cauchy-Schwarz inequality we get
that for all γ ∈ Γ and every n,
(6.4.a.) Tr(q) = Tr(qγ) = Tr(qγp) ≤
Tr(fnqγfnp) + 2||qγ ||2,Tr||fnp− p||2,Tr ≤ Tr(fnqγ) + 2||q||2,Tr||fnp− p||2,Tr,
where by definition ||x||2,T r = Tr(x∗x)1/2.
We next claim that for every ε > 0 and for all n ≥ 1, we can find γ ∈ Γ such that
Tr(fnqγ) ≤ ε. Note first that
(6.4.b.) Tr(fnqγ) =
n∑
i=1
Tr(ηieLΓηi
∗uγxeLΓx
∗uγ
∗) =
n∑
i=1
||ELΓ(ηi∗uγx)||22
Since x, η1, .., ηn ⊥ L∞Y ⋊α Γ, by approximating x and the ηi’s with finitely sup-
ported vectors (i.e. vectors of the form
∑
aγuγ with aγ = 0, outside a finite set F ⊂ Γ)
we can find a1, .., ak ∈ L2X ⊖ L2Y such that
(6.4.c.)
n∑
i=1
||ELΓ(ηi∗uγx)||22 ≤ ε/2 +
k∑
j,l=1
|τ(aiγ(aj))|2, ∀γ ∈ Γ
Since α is the maximal compact quotient of σ and since ai ⊥ L2Y , for all i, we can find
γ ∈ Γ such that ∑kj,l=1 |τ(aiγ(aj))|2 ≤ ε/2. By combining this inequality with (6.4.b.)
and (6.4.c.), we get the claim.
To finish the proof of the proposition, let ε > 0. Since p has finite trace and
p ≤ 1−eLΓ, we can find n such that ||fnp−p||2,Tr ≤ ε(4||q||2,Tr+1)−1. The above claim
gives an element γ ∈ Γ such that Tr(fnqγ) ≤ ε/2. Finally, by using these inequalities
together with (6.4.b.), we get that Tr(q) ≤ ε. Since ε > 0 is arbitrary, it follows that
q = 0, thus x = 0. 
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